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CHAPTER I

INTRODUCTION

1.1 Introduction

In an article in Sgcience, S, S. Stevens [1946]

suggested some difinitions of scales for observations,

which have oecome rather widely adopted. Most statistical

analyses, especially multivariate methods, require that

measurement be available in an "interval scale" (in Stevens'

terminology), i.e. that distance from a point on the scale

to arvA.xer can be related to distance between two points

at ,i U1lfferent location of the scale. The weaker assumption

that data be on an "ordinal scale" presents no serious

problem either. Rank ordering methods can be applied, or

empirical transformations can be made from such ordinal

scales to marginally normal interval scales; methods to do

this were widely used in the late 19 th century, especially

in Psychophysics.

The last of Stevens' scales, the "nominal scale",

poses quite different problem. A variable possessing a

nominal scale can be formally translated into numbers,

but such numbers serve f~r identification only. For example,

the variable "color of lair" could be recorded as blond = 1;

brown = 21 black = 3; red = 41 etc. It would obviously be

absurd to obtain "mean values", linear combination, or

I
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"Osandard deviations" of such numbers. But what is one to do

if a study of relationship between, say, eye color and hair

color (and other nominally scaled vrxiables) is desired?

The object of scaling is the translation of raw data

into some other numerical values so that standard statistical

analyses may be performed on the latter. The standard statis-

tical analyses - paired ard¶ pooled t tests, analysis of

variance, etc. - assume that the data are scored on an inter-

val scale, Where the raw data are in the form of ranks, or

in the form of grouped ordinal data, analyses are often

adequate even if no transformations are made. For example,

in the Kruskal-Wallis technique, ranks are treated as if they

were numbers on an interval scale, Only where the number of

sequential categories is very small, or where the proportion

of data in each category is far removed from the expected

proportion under a normal distribution, is it necessary to

apply one of the marginal normalization techniques.

Where raw observations are recorded on a nominal scale,

the object of scaling is to transform them so that the re-

sulting numbers can be regarded as lying on an interval

scale. Such translation is impossible unless some additional

information is available - criterion groups or, as in the

present case, information on other nominal variables. As

some form of distribution must be approximated in such scal-

Ing, the normal distribution is usually chosen as the one to

be approached by the transformed data. TVe reasnn for choosing
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the normal distribution, univariate or multivariate, is that

the various forms of linear analyses lead to "best" test

statistics when errors are additive and normally distributed.

According to Gauss, when errors are additive and when linear

estimators are the maximum likel3 cod estimators of the

location parameters ("Axiom of the Mean") the errors will

have a normal distribution, provided only that data be con-

tinuous, and that there be three or more observations.

For scaling of nominal variables it became clear to

earlier workers that some criterion, some principle, must oe

utilized to transform the category numbers or levels in a

nominal scale into new scale values which have, approximately

the properties of interval scales. In contrast to Stevens'

terminology, such variables have been called "categorical"

or "categorized", in the literature (M.G. Kendall [19481)1

we shall employ that designation. R.A. Fisher [1940] proposed

a set of weights (i.e. numbers into which the original nominal

values are to be translated) chosen in such a way that, Ain

terms of the new scaled values, Euclidean distances between

some well defined criterion groups become as large as pcssi-

ble. Lancaster [1957] regards the criterion variable also as

a random variable, and shows that i scaling procedure based

on this criterion variable gives the cics-ost Epproach to bi-
variate normality. However, the Came auihor L1960] then pro-

ceeds in a direction of stepwise regression rather than multi-

variate normality, and thus has merely an approximation to



the more general problem of several sets of categorized

variables, The bivariate methods proposed by Fisher and

Larcaster produce identical scales under all conditions;

they are, in modern terminology, discriminant functions for

dummy variables Y1 9 y2 , 00" 0 Yk9 where yi= 1 if the

categorical scale value i has been applied to an observation,

and 0 otherwise. The equivalence of this technique with

Lancaster's canonical correlation approach was used by

Kundert and Bargmann [1i72] in order to scale each cate-

gorical variable against several criteria.

A multivariate generalization of Lancaster's approach

is not available. Such an approach is needed when it is im-

possible to classify categorized variables into criteria and

responses, whore, in fact (k - 1) variables would have to

serve as criteria for the kth in a set of k nominal variables.

In this dissertation, a scaling technique is developed on the

basis of such an approach. Frequencies of occurrence of each

combination of k values are recorded in a k-dimensional

contingency table (see CHAPTER IV). E'cperimental units

occurring in the same cell of the k-wxy -ontingency table

have the same vector of categorical responses Lc1, c2, *.. ,

0k 1 , where the cj are integers. In analogy wiTh Lancaster's

model, k sets of dummy variables are coznstructedf, each set

having as many members as the categorical variable has levels.

From t1his information, a super-matrix can be constructed,

consisting of k(k + 1)/2 submatrices Rip where Rij contains



10 the sample correlations between the dummiy variables in the

i-set and those in the J-set. The internally-scaled variables

are then found, in much the same way as the approaches by

Fisher and Lancaster, as canonical weights on each of the k

sets of dummy variables. To solve this problem, however, we

must make a choice, based on the problem on hand, among the

many proposed ganeralization of canonical correlation I we

chose the Minimum-Determinant criterion proposed by R.G.D.

Steel [194e9] , i.e. the set of weights which minimizes

the determinant of the resulting correlation matrix. The

reasons for the preference are stated, in sone detail, in

section 3.2. To be usable in conjunction with likelihood-

ratio testing, Steel's results must be restricted to the

correlation matrix. The determinant of the variance-

* covariance matrix, inappropriately called "generalized

variance", has no meaning in likelihood-ratio testing.

1.2 Literature Review

H.Hotelling L1936] proposed the canonical correlation

as a measure of dependence between two sets of random

variables. The definition hp.s no distributional assumptions;

however, the use of linear combinatio0-s restricts the distri-

bution to classes which are closed under linear operations;

v there are very few such classes (multivariate normal and

Dirichlet, for example). From a set of rcsponse variables y,

a single variable u = a'x is formed and from a set z, a



6

linear combination v =t'_z can be formed where • and f are

chosen in such a way that Icorr(u. v)I is a maximum. An

elementary derivation shows that this "canonical correlatioi,"

is the positive square root of the largest characteristic

root of a matrix pYYy ,Y.* where denotes

the variance-covariance matrix for the y set, Fzz that for

the z set and -yZ the covariance matrix whose (ij) element

is the covariance between yi and zj. The ideal weights a_ and

P are called "regression-like" parameters (S.N. Roy L197W)*

and "weights of the best-predictable criterion" (Hotelling

[1936] ), respectively. Given observations obtained from a

sample, sample covariance or correlation matrices can be

employed to obtain the maximum likelihood estimates r2 , a

and b of the above-mentioned parameters P2. a and f, for the

multivariate normal case. The sample canonical correlation

coefficient is a test statistic (based on the "Union-

Intersection" principle) for the test of independence between

two sets of random variables.

Although S.S. Wilks [1935] obtained likelihood-ratio

test statistics for the test of independence in two (and

several) sets of random variables, the sample canonical

correlation, which was discovered later, does not yield the

same test! where the latter is the largest characteristic

root of R R-1 R;,y the likelihood-ratio statistic is
yy yz zz

I I-R-1R~ R- R~z( i.e. the product of the complements
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of all the roots. The same author [1932] also fcund the

likelihood-ratio statistic for the test for one set y. of

,internal independence, to be Ri . the sample correlation

matrix of the y set. He also found that the statistic to

test HooE= I isISle-tr S but, unfortunately, called the

meaningless first factor of this expression the "generalized

variance".

In his dissertation, R.G.D. Steel [1949) studied the

problem of generalizing the canonical correlation to k ( >2)

sets of variables but this problem should not be confused

with the likelihood-ratio test statistic for independence in

k-sets, which was described by Wilks [1935] and Wald-

Brookner [1941] . Steel's approach consisted in construct-

ing k sets of weights a', , ... , g to be applied to the

k sets of random variables yl, y2t . k in such a way

that if ui = i Zi (i = I, 2, ... , k),the d3terminant of

the matrix of correlations between the uias is a minimum.

Steel thus appears to be the first author to estimate para-

meters in such a way that the resulting likelihood-ratio

statistic (here the correlation determinant, the L. R.

statistic for the test of internal independence) is maximized

or minimized. This principle has been applied to advantage

by sevkral later authors.

A single Union-Intersection test statistic for the test

of independence has not been described. Roy and Bargmann

[1958] proposed a set of several st-.kiqtic ("step-down
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correlation') for this purpose. For estimation purposes,

however, a single criterion fu -tion is required. Social

scientists have described a multitude of indices to express

the relationship between k sets of variables by a single

numbers however, since such indices are invariably defined

frr a sample only (and not, as they must be, as parametric

functions) they are of no value for statistical inference

and must be regarded as descriptive statistics only.

P. Horst [1961] offers four different suggestions for

indices of correlations among several sets of variables. As

in the previous papers by him and others, these indices are

defined for samples only. Initially, Horst performs the same

reduction as Steel [1949] , (an algorithm which is explain-

ed in section 4.1) in order to obtain identity matrices for

the correlations within each set. In one of the cases, a

weighted sum of the correlations is employed. In another

index, the matrices are approximated by matrices of rank one.

"Maximum variance" (actually, weighted sums of squares)

methods are suggested on correlation elements. To some

social scientists who report numerous indices in 'their

studies such an index number may have son.e relative meaning

(just as the Dow-Jones index does to ecoromists, or the

Intelligence-Quotient to some educators).

Such numbers cannot be used as criteris for statistical

estimation or inference, since they have no relation to

estimable parameters. As demonstrated in section 4.1, Steel's
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Minimum-Correlation-Determinant seems to be the only currently

known generalization that is based on a parametric representa-

tion, and can therefore be used for the estimation of weights#

The following treatments of the nominal scaling problem

constitute a more comprehensive approach. Again, a choice

had to be made from an abundance of material (e.g. the

different, often contradictory, approaches scattered through-

out Vol. IID Inference and Relation, of Kendall and Stuart

[1961] ).

RoA. Fisher [1949] regarded each categorical variable

as k (zero-one) variables (yi = I if the response was i, 0

otherwise). KIs scale values are what we would today call

the estimated weignte of the discriminant function, i.e.

those that produce maximum discrimination between defined

groups according to a single criterion. He proposed an

iterative solution rather than the simpler characteristic

root and vector approach which is used today.

H.C. Lancaster E1957J obtained the same results as

R.A. Fisher, using characteristic root-characteristic vector

methods and starting from different assumptions. However,

his objective was to approximate a pair of categorical

variables by a bivariate normal pair of variables. For

Lancaster E19571 the "criterion" o.' R.A. Fisher is itself

a categorical vsriable. Thus, Lancaster has two sets of

dummy variabless y' = EY1 ' Y2 ' see y r] for the r levels

of categorical variable y, and z' = Ez1 , z2 , ... , zsJ
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for the o levels of categorical variable z. An experimental

unit which has response i on categorical variable y and

response j on categorical variable z would thus have s + r

responses on the dummy variables with y, = 10 zj = 1 and

all other dummy variables equal to zero (of course the

resulting correlation matrices are singular). Lancaster then

shows that, if scale values a are chosen for y and scale

values b are chosen for z so that jest~corr(a'y,_'_z)j is a

maximum, then the scaled variates h.ve a best approximation

to normality. In a later attempt to generalize the method to

Ik categorical variables, Lancaster [1960] uses different

arguments, which are not as convincing as the method used

for the scaling of two nominal variables.

Hays [1963) suggests a quantity ?2 , to measure the

ability of a predictor to explain the variance of each

dependent variable code dichotomized against the others. A

natural generalization of this across codes would be the

ratio of the sum of with-group suz:as of squares to the sum

of total sums of squares, i.e.EV. Z$•
2 2 or n D2 =

i ET E S2
p p

where
Vt= - w i(Yij -p)2 , within-group sums of

squares for the pth dummy dependent variable

on ith predictor.
Tp =E w k(ykp - 7p )2 , total sums of squares

rk kp thp
for the pt dummy dependent variables



I2~11

S2 k sample variance of pth

p Ewk

dummy variable.

Si £ E wk weight sum for jth code of ith

Ik 

i 

Qij

predictor.

wk sampling weight for k e Qij

Q subset of individual having jth code value on

predictor i.

I V.

V2ratio of within-group sum of squares

thh
to the total sum of squares on ph dummy

variable on ith predictor.

Messenger and Mandell [19721 suggest a bivariate 0i
to measure strength of association using a criterion of

correct placement in the dependent Nariable code which is

a lirte-r transformation of the Goodman-Kruskal Lamda

statisTic (Goodman and Kruskal [19511J). They claim that

it has more intuitive appeal than Lamda and fits more
naturally with a multivariate model. Theta is defined simply
as the proportion of the sample correctly classified when

using a prediction-to-the-mode-stx'ategy in the frequency

distribution of each category.

For multivariate cases, two statistics are used to
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measure the multivariate strength of association. These are

the generalized squared multiple regression coefficient R2

and a multivariate version of 0 , the Theta statistic. This

statistic generalizes the bivnriate prediction-to-the-mode

concept. It is defined as the proportion correctly classi-

fied using a decision rule that assigns each individual to

that dependent variable category which has the maximum

forecast value for that individual; this latter principle

is, of course, similar to R.A. Fisher's. It appears that

the Messenger and Mandell technique bears the same relation

to the Fisher-Lancaster technique as the step-wise 0-1
multiple regression approximation bears to the discriminant

function.

In an attempt to define single indices of correlation

among k sets, J.McKeon [1962] starts with the correlation

between two measurements x and y, based on a paired sample

of size n. He then defines a generalized measure of product

moment correlation among k sets of variates by

p(xV, x 2 , ... , xk) = max ri(alx1 , a2 x2, ... , akxk)

2 *.-Ea-a. SP(x.,xj

n - I IEa SSxi
where

rI is the intraclass correlation

ai is an arbitrary set of weights, each SP(xixj)

is a sum of products, and each SSxi is a sum of
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squares.

He then defines the "General'sed C~anonical Correlation'

for k sets of variates as the maximum value of the generalized

product T4oment correlation for the k linear composites a9 xi

(i o 1: 2, p.. , k), with respect to variation of the a,.

Then

p(x 1 , x 2 . e. I xk) max ri(ajxj, ajx2, ... t alx.)

Max -Ia Si a (1.2.2)

k- i - I Eaj i a3
where

si .. Z(x - •(, - •)' (1.2.3)
x' =[Xlorx 2o , .

3a LYIa Ix2a * ** qt

(i 1, 2, ... , p variates)

(j 1, 2, ... , q variates)

(a = 1, 2, ... . n observations)

This is equivalent to maximizing the quantity

VS 1  a,_ (k - )r + 1 (1.2.4)

Eaj Si1 ai

Let S be the sum of products matrix for the k sets

comained and let Sd be the diagonal super-matrix with element

Let a'= [aj _a .,. _aJ be the vector of combined



"weights, then

Sd

Sv =- -(1.2.5)
i: A' Sl•

As usual, the maximizing y er, a satifies the relation
d -1

(S 1 S - y I) a = , rI= (1.2.6)k-1

and y = Chma (S-1 s) (1.2.7)
d

where Chmax denotes ".,he largest characteristic root.

He extends canonical correlation to more than two sets

of variables, based upon a generalized association measure.

211
2 ii

Sri = k I <, E k-)E

where cl are the covariance of variables.

d are the variance of their sums. 1)

He also discussed another possible generalizadion from

a maximization of

.E dij C2 E d
h i<-J = -=2 - (1.2-9)Edi d (E di E 0

h has a solution in terms of roots and vectors for the case

of a single variate per set, and this is closely related to

Lovinger's [1947] coefficient of homogeneity.

1) Thits is McKeon's notation, although what he calls d.
are actually sample quantities.



In dealing with the problem of weights in the absence

of a criterion, some authors describe sample index-numbers

which assign weights to each standardized variable according

to its loading on the first principal component of the

resulting correlation matrix (Horst [1936) , Edgerton and

Kolbe [1936] , Wilke [1938] , Lord [1958] ).

Kundert and Bargmann [1972] use the similarities

between the Fisher and Lancaster techniques to derive a

series of test statistics and their distributions in the case

of bivariate categorical scaling. As was stated earlier,

these techniques produce identical scale values; however,

Kundert and Bargmann use other interpretive statistics

(correlations against discriminant function) to identify

those levels of a categorical variable which contribute most

strongly to its aswociation with some criterion. The main

objective of their scale analysis is to try to interpret

the dependence between criteria and categorized variables.

In the same general spirit, F.M. Andrew and R.C.

Messenger :19733 , in their multivariate Nominal Scale

Analysis, stated that a general goal of multivariate data

analysis is to understand how a dependent vEriable is affected

by a set of independent variables. They raise five general

questiornso (1) as a whole, how well do the independent

variables explain the variability in the dependent variables?

(2) what is the relationship of a particular' independent

variable to the dependent variables, while other independent
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variables are held constant? (3) to what exte.t "hi dependent

variables can be explained by a particular LxAepf.ndert

variable, over and abbve the other independent variables?

(4) taking into account a subject's scores on an iLidepnil.Aent

variable, what score should one predict on the dependc ;,.t

variable, and (5) what is the deviation of the prediction

from an otserable score?

The Multivariate Nominal Scale Analysis is designed to

handle problems where (a) the dependent variable is a set

of mutually exclusive categories, (b) the independent

variables may be observed at any level, and (c) any form or

pattern of relationship may exist between any independent

variables and dependent variable ani also between any pair

of independent variables.

The method is designed to be relevant for "theoretical-

oriented" and "concentual-or3pnted" analysis. A second

characteristic of Multivariate Nominal Scale Analysis is its

ability to analyse relative large number of predictors with

moderate sized data sets. A third characteristic iu its

focus on the magnitudes of relationships rather than the

statistical significance of those relstionships.

Finally, both the one-way anal•'sis of variance eta-

square statistic n2 2) by Hays L1963] and bivariateip

Theta by Messenger and Mandell L1972] are used to measure

2) This is a traditional name given to SSH/(-SH+SSE), the
incomplete Beta statistic derived from F.
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the strength of the biva'iate relationship between the

dependent variables and each predictor.

P.H. Dubois 11957) and E. Jenning 11965] defined

semi-partial correlation and multiple semi-partial corr,-la-

tion (extended to the canonical semi-partial correiation)

when the third set is partialed out from only one of the

two sets.

C.A. Smith [1953_ has shown that the generalization

of the "intraclass" correlation to p measurement on n groups

is the largest characteristic root and the associated vector

of a certain matrix.



CHAPTER II

CANONICAL WEIGHTS IN CATEGORICAL SCALING

2.1 Relation Between Two Sets

In this section, the well-known results of canonical

correlation analysis (analysis of dependence between two

sets) will be summarized.

Let

2 y' 0 zje DSOO,,2q] (2.1.1)

and then form new variables as linear combinations of all

y's and all z's,

u = .'x , v= 01Z (2.1.2)

Choose the vectors _ and 2 in such a way that corr(u.v)

is a maximur, and call this maximum the canonical correlation

between the sets y and z. If y is considered to be the pre-

dictor set then call the elements of o "regression-like"

parameters and if z is thought of as the criterion set, then

call 0'z ths "best-predictable-criterion" (Hotelling L1936j)

Now cov(u,v) = cov( cz' ') =o ,z)

= - 12 -•(2.1.3)

where,! 2 is the upper right block of the covariance matrix

and _, are the weights of the canonical variables y and

18
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(z') (4) i)

1 -11 F-12 (P)

i2 22 (q).)

(p) (q)

Since the length of a and _ are indeterminate, they can be

chosen so that

hence var(u) 1 and var(v) a 1, therefore, under the above

constraints, corr(uv) = cov(u,v) E a, - 1 2 2"

It is well-known that the square of this maximum corre-

lation, is the largest characteristic root of

11Zy,12 22EI129

and a is the associated characteristic vector; . is easily

found to be

Of course, multiplication of each of the vectors _ and

0by an arbitrary -positive or negative- constant will

produce equally valid weights, which maximize the correlation

between u and v. The constraints (2.1.5) would then not be

satified.

1) Letters in parentheses at the left and top margin identify
set;s of variables; letter on the bottom and at the right-
hand margin denote the order of the matrices.
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2.2 Categorica. Analsist (Lencaster)

The results of section 2.1 can now be applied to a two-

way contingency table of size p by q, where p Is the number

of levels of one categorized response variable and q is the
Svarabl2) I re

number of states of the other response variable In order

to scale the states of the response variables, dummy varia-

bles are introduced, as follows,

Let xi be the dummy variable for "row" (i = 1, 2, ... ,p)

and yj be that for "column" (j = 19 2,.,., q), associated

with each tally in the contingency table, there are p + q

dummy variables.

1, jf th
Xik ' It if the k observation appear in row i

J O, otherwise.

Yjk = 1, if the kth observation appear in column j

a O, otherwise. (2.2.1)

where k = 1, 2, ... , n.

Therefore

I k A ni k r Yjk -n n

E Xtk =no, E =j a n (2.2.21'k kf yXikxhid= EE Yjky = 2

since an observation cannot be in row i and row

h or colu:nn j and column m at the same time.

2) Both expressions, "level" and "state" are customaryl we
will regard them as equivalent.
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Let a denotes the corrected sums of squares and

products for the dummy variables x! the ith diagonal element

is

R = Z1Xk ,,k
n

n - - (2.2.3)
n

the (i,h) element is

XW• ( AXk) Xhk)

Sih Xikxhk

S= - n'. 
(2.2.4)

n

If the kth individual's tally occurs in row i and

column j of the contingency table, there are thus (p + q)

scores on the dummy variables, [o,0,... o,10,....,01 on x

The matrix of sums of squares and products for the x

variable is thus
n. n!Exx = Dn - (i=1,2,...,p) (2.2.5)

1i.n

where D is a diagonal matrix with typical element nin"i.

nd is the row vector I n ] ,the

vector of row sums. For the response variable y, the matrix

of sums of squares and products is accordingly

n'Ey = Dn - n0 ,j (j=i,2,...,q) (2.2.6)
YY flj n
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where D is a diagonal matrix with typical element n

(J=1.2.....q) and f.j - [n.1.n.2.e.etn.q] t the vector of

column sums.

Since Z xikYjk =ni which is the cell frequency for

cell (i,j) of the two-way contingency table, the corrected

sums of products between xi and yj is

s•)= n -j ., n... (i--1,2,...,p) (2.2.7)
in

(J=1,2,...,q)

in matrix form

n n'

B . (2.2.8)

where N is the incidence matrix, and its typical element nij

is the cell frequency in row i and column J of the contin-

gency table.

Now we can perform the "Canonical Analysis" 2

Since E(1) = Dn1 and E(1)
xx ni .xy n 1

V_)*D- 1 (N - i)i)Dl (N'-f.1.
Is. n -

I n' jn!
=(D- 1 N - 6.1)(D-1 N' - (2.2.9)
n,. n nj n

where
11 0 thus .j and

n Si,

3) A'1 denotes a conditional inverse of A, i.e. any matrix

for which AA()A = A (Bargmann L1966] , rule 9.1).
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I - Hence

, , D,. N D1 N-

D--1 (N Dn.. -N 11.- ) (2.2.10)
F n n

since N

Denote the final matrix by el then the square of the

maximum canonical correlation between the x set and the y

set can be obtained by finding the largest characteristic

root of Q*, since

p 2 = Chmax (Q*) = • , say. (2o2.11)

We will determine the x and the associated characteris-

tic vector a, so that

* (2.2.12)

Let W =(ND 1 N' -N.-1) (2.2.13)

then D(.1
ni. w = (2.2.1)

where X is a characteristic vector.

Let D=i, a and (2.2.15)

premultiply D"1 W a= by DI then

D.' W = D•, (2.2.16)

therefore
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Dni"V DA4 = A (2.2.17)
flj* flj

and since Ch(ABC) = Ch(CAB), hence

P C2 hma(Qe) = Ch.m(Dn W) = Ch.ID* WD"*½ )
i�ni" nig

(2.2.18)

and, denoting by Q the symmetric matrix in (2.2.17) then

QA -4a,

so b Ey -ExEa = -(N )a (2,2.19)
.o•- ,'; -v• ,' •.-i, j,..,

.j n

are the weights that maximize Icorr(u,v)I where

u = ax and v = b'. (2.2.20)

Now,recall that x and y are (0, 1) variables! let Ai

denote the x-vector of the kth subject and y4 denote his

y-vector. If he was in state i in variable x (rows) and in

state j in variable y (columns), uk = a'xk = ai and

V'= _bk = bj, thus ai is the scaled response for state i

in x , and b i is the scaled response for state J in y.



CHAPTER III

MEASUREMENT OF INTERNAL DEPENDENCE

IN A SINGLE SET OF VARIABLES

3.1 Generalization of the Canonical Correlation Concept

Before we can generalize the bivariate results of

CHAPTER II, we must discuss the generalization of the canoni-

cal correlation concept.

Let x be a given single set of variables with p

variables in the set, and let

-1 P12 P 3 ""Pip

12  P2 3  2p

P1

IP 1

be their correlation matrix. Let E be a matrix of corrected

sums of squares and products for x and let E be the

covariance matrix. Let D be a diagonal matrix with diagonal

elements of E in the principal diagonal and zero elsewhere.

The sample correlations are then

r___ei_ and rjj (3.1.2)
Veii eri

1) Or a matrix of S.S. and S.P. error if the sample came
from some same analysis of variance design

25
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Since we want to test internal dependence, a null

hypothesis is Hoi P = It this is equivalent to saying that

the covariance matrix is a diagonal matrix i.e. Hog, = D

where the principal diagonal elements are .ii (arbitrary)

and off-diagonal elements are zero, Then, as is well known,

the likelihood-ratio test statistic is IR1 t the determinant

of the sample correlation matrix.

To compare with available table- one uses -m ln I R1 as

a test statistic distributed under null hypothesis as a
series of x2 -variables (Wald-Brookner [1941], Morrison

11967)).

Thus I RI is the likelihood-ratio statistic for the test

of internal independence. Since all diagonal elements are

unity, it has a maximum value of 1 (which occurs when R = I)

and a minimum value of 0 (since IRI is, of course, positive-

definite or positive-semidefinite). We will demonstrate in
the next section that maximization (or minimization) of

parametric functions analogous to likelihood-ratio statistics

is equivalent to obtaining maximum likelihood estimates.

Hence, we will obtain weights in k-dimensional categorical

scaling by minimizing the determinant of the resulting

correlation matrix.

3.2 Justificat3.on of Minimum-Determinant Criterion

Among many different index numbers for measuring the

multiple dependence between sets of variables, we choose
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Steel's "Minimum Correlation Determinant", with some

Sgeneralized transformation on each set for the following

reasons

There is, in all known situations, a relationship be-

tween estimation by minimizing a likelihood-ratio statistic

(MR) and maximum likelihood estimation (MLE). We will de-

monstrate this relationship below for several simple examples.

We seek a parametric function, and maximum likelihood

estimators have the invariance property, i.e. under certain

conditions of uniqueness, if t is the maximum likelihood

estimator of e then f(t) is the maximum l.1kelihood estimator

of f( 6). It is this relationship between a function of

maximum likelihood estimators and the corresponding function

of parameters which is used to obtain the parametric function.

In the present instance we cannot formulate a parametric model

for which the "Minimum Correlation Determinant" estimates

would be maximum likelihood estimates. This is not necessarily

a hindrance to its use, for a similar lack exists in Factor
Analysis, and even in multivariate analysis of variance, where

the rather artificial non.centrality parameters must be intro-

duced before the problem can be stated as one of maximum

likelihood estimation (Bargmann [1969J ).

Estimation by "Minimum Likelihood-Ratio" is, of course

similar to "Minimum Chi-square Estimation" (e.g. Cramer

[1946] ). In either case, parameters are estimated in such

a way that a test statistic ("Goodnesj-of-fit" statistic) is
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minimized, It is, of co-irse, well known that the "modified"

minimum Chi-square Statistic (Cramer, ibid), i.e. the

goodness-of-fit statistic with E omitted in the denominator,

leads to maximum likelihood estimates. The choice of the

minimum determinant procedure is thus based on a conjecture

which has not been proven (except in the trivial cases where

the likelihood-ratio can attain the value 1) but for which

no counterexample is known. The conjecture is (as in the

case of modified minimum Chi-square) that estimates obtained

by minimizing likelihood-ratio statistics are maximum likeli-

hood estimates of parameters for some model that fits the

sample most closely.

Examrnle a

Estimation of a common variance.

a) For the Simple Univariate Case a

Given a sample of size n1 from N( Al' u2) and a sample

of size n2 from N( A2 9 a 2)1

In Q we have
n 1  A2 n2  A2 n~

in L(• = - n ln(21) - 1n 2 - n. in ^ 2

"A ~ i�1 j 'A2 z (Yii (3.2.1)
where JA. = ni a .

In w, c2 d 2 d2 •This comnmon d2 istobe

estimated in such a way that the resulting likelihood-ratio

statistic becomes a maximum. The logarithm of tho likelihood
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* funotion is
in L(w l,1 = Alt 2 =A2)

21 +2 a22

i ='~~2 "2 "2--' n7+
(3.2.2)

hence, as a function of o2

"n "2 1 n 2

in Iln V2 -
2 A2+, n Cr + 29In Cri + - (3.2.,3)

2 nn1 1 /2
In X ) = 2 - _(n + n 02) (3.2.4)

Trivially, n 2 (.2.5)

n

b) In the Multivariate Cases

We wish to test Ho, Ei = E24

In w , the likelihood-ratio statistic will be expressed

as a function of the common E .

Let " he the matrix of sums of squares and products

for error in sample No. 1, E2 the same for the sample No.2.
A 1 A 1

Let =a 71- El = F,2 7 E2 ,then

2 2 2
np= • 

(3.2.6)
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In , C 2 and the in M( ) as a function

of • , is

- ln (2w) 1 irIn2as' inI2-1 tr MIn(E + E.%)
2 2 2 2

(3.2.7)
thus

thu2n 2nn-'' t •- •I1 E2 ) +-ln(n-- 1'

pn•s2 (3.2.8)

+ n a n(- E2) (3.2.9)
•I2- 2

is that value which maximizes the likelihood-ratio

statistic in X I equating t 1, X to zer,;, we obtainA E1 +
1 E2  the well known pooled maximum likelihood

n

estimate.

c) In the Uniform Distribution Case:

We discuss the hypothesis Hot 0 = 00 in y = O,0.
The likelihood function is

I
L(y) = ( )n if Ymax 0

0 (3.2.10)

= 0 otherwise.

Hence in Q , 0 = ymax' since 0 cannot be less than

Ymax 1 )n•) Ya (3.2.11)

•. = (Ymaxn
ymaxo n (3.2.12)

00
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Since 00 must be greater than ymax, the 00 which

maximizes A is Ymax which is also the maximum likelihood

estimate of 0.

For a more complicated relationship (e.g. estimation in

Factor Analysis) see Howe L1955) and Bargmann 11957J

Because of the striking connection between minimum

likelihood-ratio and maximum likelihood estimation, we will

now attack the problem of canonical weights in k sets of

variables by choosing the weights in such a way that the

determinant of the resulting correlation matrix is a minimum

(since a large determinant for the correlation matrix indi-

cates approach to independence).

Let a, be a set of weights for the ith set, and let
! R2)

u, = a zi then corr(ui.,u.) = 31 u A. (3.2.13)hihj

where hl ai '

Since, for the u-set, a test of independence would

employ the determinant of the resulting matrix of saple

correlation, we will estimate the weights g in such a way

that IPI is a minimum, where P the elements of P , are

ij= corr(uiuj) (3.2.14)

and hence functions of the unknown ai

2) We use R for the large matrix of correlation between the
y's, even though the elements are parameters ( A 's), so
that we can use P for the small matrix of correlation between
the canonical variables.



32

This is Steal's approach to obtaining a single measure

of dependence for k sets of variates. It has obvious relevance

to the problem of categorical scaling, where the i-,sets will

be dummy variables, ani hence that gi which minimizes the

determinant will have the scale values for the states of the

ith categorical variables.



CHAPTER IV

MULTI-DIMENSIONAL CATEGORICAL SCALING

4.1 Conversion of Contingency Tables to Reduced Correlation

Matrix

4.1.1 Description of Algorithm

The information required for multi-dimensional categori-

cal scaling is contained in the k-way contingency table. An

analysis which employs moments only up to the second order

derives its information from every possible two-dimensional

marginal of these tables. This restriction is, necessarily,

the same as that in any other instance where the central

limit theorem is employed (e.g. sign-tests, goodness-of-fit,

Chi-square tests). In obtaining the elements of the super-

correlation matrix we thus proceed, for each pair of catego-

rical variables, directly as in section 2.2 (formula 2.2.5,

2.2.6 and 2.2.8). For example, for four sets we construct

a matrix

r E11 E12 E13 E I
Ei 2 E2 2 E2 3 E24  (4.1.1.1)

Ei3 Eb E33 34

where E11 has elements
ný

(1e nn. '4enl.) _- _._(4.1.1.2)

n

33
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n

e(1,1) e (1,1) - MA (4.1.1.3)ij = i =n

E12 has elements

e(1,2) n n,, - (4.1.1.4)t =i j '"- n

etc

E34 has elements

(3,4 nf
ejj n,.,t •j n. .' (4.1.1.5)

and finally, E4 4

(4.4 = . -a.2 (4.1.1.6)
n

and e(404) n.oln (4.1.1.7)
ii n

For p categorical variables, there will thus be a super-

matrix of corrected sums of squares and products, hence

Ell E12  see Elp " (L1)

E:2 E22  ::: E2p (12 ) (4.1.1.8)

ip 2p T)-
(1) (12) ..e (jP)

where Eli is of order (Ii xj ), and Ii denotes the number

of states or levels of categorical variable i.

For the maximum likelihood estimation of scale values
(wc.ights) it would now be necessary to reduce the E matrix
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to a matrix of correlations. Steel [1949] , however,

suggested a further reduction to a correlation super-matrix

in which the diagonal submatrices are identity matrices. We

note further that the E matrix has rank (I + 12 +0"+ 1p - p1

hence reduction of E to a normalized R of that smaller order

would be desirable.

Since Eui is Gramian of rank (9. - 1), there exists

real-valued, rectangular matrices Ti (order Ji x (2. -i))

such that TiT! = Eii! among the infinitely many Ti's satify-

ing this relation we prefer to use that which can be obtained

from the Gauss-Doolittle algorithm (see formula 11.10 and

9.14 of Bargmann [1966] ), mainly because the same algorithm

also produces a Oonditional inverse from the left, i.e. a

matrix TW) such that T1)T = I i- )X(i 1)). If

we now premultiply E by the matrix

ITo4)0 ... 0 (4 - 1)

0 T(-I)... 0 (2 - 1)
T(I)= (4.1.1.9

o o ...
o 0 T (p- 1)

p p

"(I1) (12) (Up)

and postmultiply by T(1)', the transpose of the above

matrix, we will obtain a matrix
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I R 12 .. RI P (11-1)

R R1 i ... R 2p (22-1)
R m (4.1.1.10)

S00 a

R ip R ip .. of I (,vp-)

(/11-1) (12-1) U p-1)

which is non-singular, and has a reduced form which makes

further calculation easier.

4.1.2 Description of the Computer Program for C-E-R

This is the computer program for the contingency table

to E matrix to R matrix, in briefs C-E-R. A listing of this

computer program is given in Appendix A2. The layout for

INPUT is in Appendix Al.

The computer program is written in FORTRAN IV and has

been used on an IBM 360/65 (and also, with several overlays,

on an IBM 1130). It uses some of the routine from the IBM

Scientific Subroutine Package (SSP).

This computer program is designed to read a set of re-

cords with the necessary parameters (in FORMAT 512) and a

multiple dimunsicn contingency table (in FORMAT 412,514)

and up to five sets, each set would have up to five levels.

The super-matrix index is designed as follows where K

is an index stepped up in accordance with IBM SSP storage

mode I packing.
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1,1 1, 103 1,4 1,5
K=1 K=2 K=- K=7 K=11

2,2 2 t 2,4 2,5
K=3 K=5 K=8 K=12

K=6 K=9 K=13 (41.21)

4t4 4,5
K=10 K=14

5t5
K=15

The computer program proceids as follows a

(1) READ in the parametez'Fr

NVAR - No. of sets (response variables).

NDI - No. of levels in the first set.

ND2 - No. of levels in the second set.

ND3 - No. of levels in the third set.

ND4 - No. of levels in the fourth set.

ND5 - No. of levels in the fifth set.

READ in the multiple dimension contingency table for

cell frequencies.

(2) Using a FUNCTIOY' subprogram LT, this program assigns all

entries of all contingency tables into a single dimension

array AR.

(3) Pick up the limit of K i.e. the number of submatrices

contained in the upper triangular part of E.

If NVAR = 2 then KWAX= 3.

If NVAR = 3 then KMAX = 6.

If NVAR = 4 then KNIAX = 10.

If NVAR = 5 then KMAX = 15.
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(4) The program now proceeds to (5) or (6) depending on

whether submatrices are in the diagonal or off-

diagonal portions of E..

(5) If K = 1, 3, 6, 10, 15 then call the subroutines to

construct the Eii matrix for i =,1, 2, 3, 43 5.

(6) If K ý 1, 3, 6, 10, 15 then call the subroutine to

construct Eij for i . j, the off-diagonal submatrices

in the super-matrix E.

(7) Compare the index with the corresponding NVAR designated

KMAX value. If they are not equal then go back to loop

to finish the construction of E matrix otherwise go to

next step.

(8) After all Eii matrices have been constructed, proceed

to the calculation of the T conditional inverses for all

the diagonal submatrices in E.

(9) Calculate R = -) Eijij 1 j
(10) OUTPUT the parameters and the multiple dimensional

contingency tables as in (1), the E and R matrices, also

the T conditional inverses. The above results along with

marginal totals for each set and the grand total are

written in TAPE 10, the temporary tape storage for

further usage. All these intertediate results will be

used later to express the scale values in terms of the

original states.
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The cerd layout is described in Appendix Al, the reason

for using Response Variable (2) as the last subscripted

variable is that when k-way contingency tables are recorded,

it is customary to record them as sets of two-way tables

with the third, fourth, etc dimensions fixed. Each two-way

table then has the first dimension as rows and the second

dimension as columns. To avoid key punch errors it is advisa-

ble to punch the cards for such pairwise contingency tables

so that there is one card per row. Thus, if the k-dimensional

array is expanded into a one-dimensional string, the levels

of Response (1) should vaey fastest; however, the levels of

Response (2) are columns of a two-way contingency table which,

if key-punched row-wise, would occur on the same punched card.
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Computer ProgramC-E-R

Flow-Chart

Main Calling Program
READ in parameters which (1)
control the no. of sets

and no. of levels of each
set

Assign single array number
for elements in the multiple (2)

dimensional contin•Lency table

Proceed to find out all
possible two-way contingency (3)tables, the sums of rows and

"____ ,• Diagonal•••
'Call Subroutine ix-' Tal Subroutinel

toconstruct %5) no (6) to constructI

yesf For all diagonal submatrices
Eli, find the Ti conditional (8)

jxv.ersee
Calaulate the reduced (9)I super-matrix R

'WRITZ--parameters and E matrix,'
R matrix and the above results (10)

with the intermediate
information in TAPE 10, the
temporary storage for later

Iusage,
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An example of INPUT and OUTPUT data of the C-E-R

computer program as follows

(1) INPUT data)

a. NVAR =3, ND1= 3 ND2 3, ND3 3, ND41I = ND5 1

b. Contingency tables

1 1 1 1 30 70 30

2 1 1 1 10 50 40

3 1 1 1 75 20 5

1 2 1 1 37 28 10

2 2 1 1 15 25 30

3 2 1 1 27 0 23

1 3 1 1 53 5 7
2 3 1 1 35 25 20

3 3 1 1 30 0 20

(2) OUTPUT information:

Direct print-out from the computer is on page

42 - 46.
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THE CONTINGENCY TABLE INPUT DATA

THE NUMBER OF SETS NSETS) =3

THE NUMBER OF RESPONSES OF FIRST LEVEL (NDI) = 3

THE NUMBER OF RESPONSES OF SECOND LEVEL (ND2) - 3

THE NUMBER OF RESPONSES OF THIRD LEVEL (ND3) = 3

THE NUMBER OF RESPONSES OF FOURTH LEVEL (ND4) = I
THF NUMBER OF RESPONSES OF FIFTH LEVEL (ND5) = I

CONTINGENCY TABLE

LEVEL LEVEL LEVEL LEVEL LEVEL
(1) (3) (4) (5) (2) (lose 3)

1 1 1 30 70 30

2 1 1 1 10 50 40

3 1 1 1 75 20 5

1 2 1 1 37 28 10

2 2 1 1 15 25 30

3 2 1 1 27 0 23

1 3 1 1 53 5 7

2 3 1 1 35 25 20

3 1 1 30 0 20

1) LEVEL = I indicates that there is no fourth and fifth
responses.
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THE E I1I MATRIX

0.168750E 03 -0.937500E 02 -0.750000E 02

-0.937500E 02 0.16.%94E 03 -0.694•1 4E 02

-0.750000E 02 -0.694444E 02 O.144Le44E o3

THE E 1 2 MATRIX

0.300000E 01 0.193750E 02 -0.223750E 02

-0.483333E 02 0.225694E 02 0.257638E 02

0.453333E 02 -0.264 194E 02 -0.338888E 01

THE E 2 2 M'ATRIX

0.176800E 03 -0.966333E 02 -0.801666E 02

-0.966333E 02 0.153931E 03 -0.572986E 02
-0.801666E 02 -~0.572986E 02 0.137465E 03

THE E 1 3 MATRIX

0.625000E 01 0.187500E 01 -0.812500E 01

-0.145833E 02 0.229166E 01 0.122916E 02

0.833333E 01 -0.416666E 01 -0.416666E 01

THE E 2 3 MATRIX

-0.280000E 02 -0.550000E 01 0.335000E 02

0.377916E 02 -0.739583E 01 -0.303958E 02

-0.979166E 01 0.128958E 02 -0.310416E 01

THE E 3 3 MATRIX

0.178750R 03 -0.893750E 02 -0.893750E 02

-0.893750E 02 0.142187E 03 -0.528125E 02

-0.893750E 02 -0.528125E 02 0.142187E 03
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INFORMATION STORED IN DISK

FILE NAM IS $$$$$

NUMBER OF VARIABLES = 6

MAXIMUM NUMBER OF ITERATIONS - 150

MINIMUM VALUE OF THE FUNCTION = O.O00000E 00

PERMISSIBLE ERROR DURING ITERATION = 0.100000E-02

NUMBER OF SETS (NSETS) = 3

NUMBER OF ROWS (I,1) = 2

NUMBER OF ROWS (2,2) = 2

NUMBER OF ROWS (3,3) = 2

NUMBER OF ROWS (4,4) = 0

NUMBER OF ROWS (5,5) - 0
2)

WRITE IN WEIGHTS

O.500000E 00 O.500000E 00 0.500000E 00
O.500000E 00 0.500000E 00 O.500000E 00

THE -MARGINAL TOTAL FOR SET I

270 250 200

THE MARGINAL TOTAL FOR SET 2

312 223 185

THE MARGINAL TOTAL FOR SET 3

330 195 195

THE GRAND TOTAL = 720

2) Dummy numbers at this stage.
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THE T CONDITIONAL INVERSE

0.7698ooE-o1 00000000O 00 O000000E 00
0.527046E-01 0.9948683E.01 OO00000E 00

THE T CONDITIONAL INVERSE

o.?520?1E-1o o.ooooooE 00 0oooooooE 00
0.543546E-01 O.99447OE.01 0000000E 00

THE T CONDITIONAL INVERSE

01747957E.01 0.OOOOOOE 00 O,000000E 00
O.506369E-o0 0.101273E 00 00000000E 00
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THE R11 MATRIX

0.100000E 01 0.O00000E 00

O.O00000E 00 0.100000E 01

THE R12 MATRIX

O.173683E-01 O.160876E O0

-0.332955E 00 0.738409E-01

THE R22 MATRIX

0.100000E 01 0 0 00000E 00

0 0 00000E 00 0,100000E 01

THE R13 MATRIX

0.359861E-01 0. 389803E-01

-0.788416E-01 -0.213504E-01

THE R23 MATRIX

-0.157504E 00 -0.148522E 00

0.167268E 00 o.847920E-02

THE R33 MATRIX

0.100000F 01 0.C00000E 00

0.OOOOOOE 00 0.100000E 01



47

4.2 Initial Estimate and Approximate Scale Values

4,2,1 Description of Algorithm

After the reduced super-matrix R has been constructed,

the minimization of a given function (the log determinant of

the resulting correlation matrix P ) is needed to obtain the

categorical scales for each sets we must first find some

initial values for categorical scales to start the minimi-

zation.

The Fletcher and Powell Descent Method L1963] is used

for the minimization. Initial values must be chosen very

carefully, so that the numerical analysis converges in a

reasonable number of steps (or, for that matter, converges

at all). The following methods are availables

4.2.1.1 Arbitrary Determination of the Initial Values

The initial values for categorical scales can be

determined arbitrarily. We may start with all l's or

all O.5's or any other values which we may conveniently

think of. It is very unusual for this method to conver-

ge.

4.2.1.2 Average Canonical Scales

Starting from the off-diagoral matrices of the super-

matrix R, obtain

Qi = Rij Rj (4.3.1.2.1)

where R! is the transpose of Rijo and the largest

characteristic root Xi = Ch max(Qi), with associated
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vector mi" Note that 3i is not the same when response

(i) is compared with response (k) 4 (J). Thus, for each

response variable we have (p - 1) different characteris-

tic vectors. Of course the characteristic root -

characteristic vector analysis needs to be done for

p(p - 1)/2 matrices only since, if

then Rij Rij has the same largest characteristic root 1,

and the associated characteristic vector, say 3j

equals R~3 Mi

As a starting value we may average the (p - 1) ui

vectors obtained for each pairing of the ith response

with the others. As in every characteristic root -

characteristic vector analysis, the length of the ui

are indeterminate. In the above-mentioned method they

are all taken to be unit length. Thus, if

RulR Rii a() "I~ ki(l)(.21.)

and ji(1) i(1) = 1,

then v 1 (4.2.1.2.4)
(p - i)

zi is the initial vector of weights for response i. The

weakness of this averaging procedure is that the same

weights are applied to each characteristic vector, re-

gardless of whether response i has a low or high corre-

lation with the other responses with which it is paired.

L _ __ _
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4o.2.1.3 This leads to a further improvement of the

starting value

As in 4.2.1.2, we obtain all (p - 1) characteristic

vectors for each response it our initial estimate now

is a weighted average, using the largest characteristic

root for each pairing as weights. Thus, if Ch(R iR!i)=XI

and the corresponding .haracteristic vector is ui(1)

then
#~ixj -Rio)

_V. =(421.)

is the initial vector of weights for response i. This

method works very well (see section 6.6); there is,

however, a problem regarding the signs of ui(j), since

it is unknown whether, say, (+ - + +) or (- + - -) is

the "proper" sign (possibility of "negative canonical

correlation"). For the weights which are appreciably

different from zero we used the sign pattern obtained

for the characteristic vector associated with the largest

of the (p - 1) maximum characteristic root, so as to

define the largest correlation to be positive.

4.2.1.4 Multiple Regreesion Approach

If the (Ui - I ) dummy variables in response i are

considered as concomitant variables, and the (1) - 1)

dummy variables in response j are considered as (Ij - 1)

predictands (response variables), then the matrix Rij

would be a matrix of regression weights estimates,
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since R = I and RC R B, the regression weights
ii ~ii i

estimates. From this analogy, another starting value

can be obtained. To determine the weights to be applied

to the (p - 1) um vectors (characteristic vectors) we

set up a (p - 1)x(p . 1) matrix A whose elements are

the canonical correlations (positive square-roots of

largest characteristic roots of Rjk R!k) between the

response sets other than i. As a right-hand side for

the regression-like eqoation we use the canonical cor-

relations of response set i versus the other (p - 1)

response sets. The multiple regression weights obtained

as solutions from this system of equations are used as

weights for the averaging of the ui(j) (in place of the

X3 in 4.2.1.3.1).

4.2.1.5 Canonical-multiple Correlation Approach

For each response set partition the super-matrix R

into two parts

[ I R) 1 i-i)

,. , (4.2.1.5.1)R(i) R(jj) (.

(L.-1) (2)

where (L)= j-p + 1

= Ri 2  ... (4.2.1.5.2)
(Wee R t Ri i

(except Rui)
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and

I ... lp

• , R12 I . 2p

_R{ip ... 1

(except the ith pseudo-row and pseudo-column).

Thus obtain, for each response set, a single set of

weights ui which represents the canonical weights on the
ith response set when correlated with all other sets

combined.

4.2.2 Description of the Computer Program for ICW

This is the computer program for obtaining the initial

weights, in briefo ICW. The listing of the computer program

is in Appendix B. The IBM Scientific Subroutine Package

program used is EIGEN which obtains characteristic roots and

vectors of real symmetric matrices using the Jacobi Method

(see SYstem/360-SSP-360A-CM-03X-Version III. Programmer's
Manual, 164).

(1) The main calling program READ the information from

TAPE 10.

i. The 1st record, which will not be used in this

program.

ii. The 2 nd record, NSET - no. of sets.

NRST(I),I=lNSET - the size of Ri,

submatrices of R.
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iii. The jrd record. X(I),I=I,N - dummy numbers of

weights.

iv. The 4 th, 5th and 6 th are not used in this

program.

(2) Initial LIMIT = 1.

(3) Subroutine REAIN - Read the 7th read from TAPE 10,

the super-matrix R which is the reduced matrix from

the program C-E-R.

(4) If LIMIT = 1, proceed to (5)1 if LIMIT = 2 proceed

to (8).

(5) Subroutine RIOUT - It will output the information

on the 2nd and 7th records, i.e. no. of sets, sizes

of submatrices and the super-matrix R.
*

(6) Provides the working storage for the R set, the

Subroutine EMPTY will zero out the working storage.

(7) Subroutine RSI - Calculates the R* = R RI where R'

is the transpose of R, then proceeds to (11).

(8) Subroutine ROUT - Output the R' matrix.

(9) Same as (6).

(10) Subroutine RS2 - Calculates the R = R'R matrix

then proceeds to (11).

(i) Packed the R matrix into a single-dimensioned array

with storage mode 1, in order to use the SSP EIGEN.

(12) Subroutine EIGEN - Find the largest characteristic

root and the associated characteristic vector.

(13) Subroutine SECOD - If LTVIIT =1, the roots and vectors
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and the square root of the characteristic roots will

be padked into appropriate single-dimensioned

variables for later usage, If LIMIT = 2, the Sub-

routine will do the same thing except the single-

dimensioned variables will be different from those

when LIMIT = 1.

(14) If NSET is greater than 2, proceeds to (15). other-

wise proceeds to (8).

(15) Subroutine RLOAD - Reload the other R* matrix then

set IGO value. If IGO = 2, proceeds to (11). If

IGO = 1, proceeds to (16).

(16) If LIMIT / I then proceeds to (18), if LIMIT = 1,

proceeds to (17).

(17) Set LIMIT = 2 then proceeds to (4).

(18) Subroutine FINAL - It will sum and average the

characteristic vectors using the canonical corre-

lations from step (13) as weights. These are the

estimated initial weights.
(19) Subroutine DORMF - The resulting weights from (18)

are normalized.

(20) Subroutine FILUP - This subroutine packs the

normalized estimated initial weights into a single-

dimensioned array.

(21) WRITE the normalized estimated initial weignts

which are calculated from (19), for e~ich set. The

packed initial weights from FILUFi, will replace the



dummy numbers in storage- the record in TAPE

Some intermediate results are stated in section 6.61

however, since these were explanatory programs, no detailed

illustrations have been provided. CHAPTER VI contains several

illustrations using the best initialization, i.e. the canoni-

cal-multiple weights.

Computer Proraam ICW

Flow-Chart

Main Calling Program
READ in parameters (1)

from TAPE 10

!Initial LIMIT (2)

a Subroutine R1ANRAD
:n uR supe -m~atx. (3

[Subroutine RIOUT Subroutine ROUT
ITE out parameters (5) ]WRITE out R super- (8)

and R super matrix matrix

Subroutine EMPTY Subroutine EMPTY
zero out the (6) zero out the (9)
R* matrix R matrix

Subroutine RS1 I ubroutine RS2
calculate alculate (10)

R =RR' V R =R'R
] '1 Packed R* int°4t

mode I single (11)
harray2



Subroutine EIGEN (IBN SSP)I
to find largest characteristic (12)

root X and vector

Subroutine SECOD
LIMIT=l, packed the first set 1

of root, vector andT (13)LIMIT=2, packed the second set 3)of root, vector andA |

4
yes NSE= 2 (14)

no

Subroutine RJOAD
reload the other R matrix (15)

?L~eload 2) (5
noIGO=1 yesF 'Subroutine FINAL

(18) sum and average the no LIMIT=1 (16)
characteristic vectors

_ _ _ __yes _

Subroutine DORMF (17
(19) normalizing the resulting

vectors

Subroutine FILUP
packed all sets of

(20) characteristic vectors
into a single array

WRITE out the normalized vectors for each set
which are the resulting initial weights and

(21) WRITE the single array of packed weights from
FILUP into TAPE 10, to replace the dummy

numbers in storage

2) IGO = 2 refers to the left pass of the previous page.
IGO = I refers to the right pass.
It is reset by the Subroutine RLOAD.
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4.3 Minimum Determinant Solution

4.,1 Description of Algorithm

We want to find weights ai (U 1, 2, *.. , p) such

that a variable (canonical variable) can be formed for each

response set.

ui -ao (i = 1, 2, ... , p) (4.3.1.1)

with corr(_a• la, •_a) = corr(ui, u ) = (3 2

•IaR (4. 3.1,.2)

under the contraint a!Riiai = alai = I for all i's and

P is the matrix with typical element Piji

Formally,

I _IR 12 _2  ... _IRpip-

a2 R12A1  I "l" qR2p*P (4.3.1.3)

_ a9R# .pa al•R22 a .se I

a (p x p) matrix. We need to find the vector aI which

minimize I PJ (we use ln P , for simplicity). Now

61n I P tr ln 1PI L P
ali P 3al

( 2 a, i (R12a2 ) " (R

tr P-1 IR2  " 0

a 0

(a;R{ )j 0 see 0

(4.3.1.4)

3) Where (R1lal)i denotes the ith element of Rll1 a1 .
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Denote the inverse of P by
,11 1i2 Soo P ip.

12 22 • (4•1.2p
P -.1 = (4.3.1o5)

lp p2p .. • ppp

Simplifying Inh Pt , we have
Sall

11 12 p.p. . 2 (R 1,)

ain IPi tr 2 ...ali 1p p2p ppp tooR 0

(4.3.1.6)

Hence, in general

?Iln IPI = 2 Plla, + 2 p12 R1 2 2 2 + ... + 2 PlPR1pap

the constrain~tis a.ai Ifora i'.5 ~ ~ By the method of

3 In1PI= 2 p1 R gj+ 2 p2 a. 2 R2~

Lagrangjan multipliers, taking the partial derivatives

with respect to a. and setting them to zero; for i = 1

we find
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S[in IPI -- )]

=2 P11l + 2 P12R12 + ... + 2 PlPR1PIa

- 2Xa (4.3.1.8)

To determine the Lagrangian multiplier we premultiply by

.•, obtaining
p1 p 1 1 . p12 P1 2 + ' + Iplplp X I Pl 1. = 0

(4.3.1.9)

buli = I and P11 = 1, thereforeI but P P
X=1

The derivatives with respect to the other ai's are obtained

in the same marner.

A system of equations is thus set up in the following

matrix form,
( P11-4) I p12R12 ... P'PRlp : ' "a" (

p ZR.2 ( p22_1) I ... PPRp !

. . ... [ . (4 .3 .1 .10)

Sp iRp p2p% (pPP-I) I_ 0

The problem is a rather complicated generalization of a

characteristic root-vector problem. We must find element

pij (i = I, 2, ... , p; j = 1, 2, ... , p) such that the

determinant of the super-matrix (4.3.1,10) is zero and such

that p ij are elements of an inverse of a correlation matrix,

i.e. they form a positive-definite matrix whose principal

cofactors are all equal to each other, and to the determinant
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of P- 1.

By solving this system of equations (for non-trivial

solutions) we have the set of canonical weights which

maximize our measure of overall correlation between all

categorical variables.

In the numerical solution, we employ the descent method

of R. Fletcher and M.J.D. Powell [1963] to minimize the

function ln IPI and obtain the canonical weights.

Since we cannot use the Lagrange method directly , we

obtain the derivatives for the uncontrained problem:

The unconstrained correlation matrix P has typical

element

jRijj (4.3.1.11)Pij 1i •ij

where Ia = jaaiand a.j =

Hence

-aja1 2 a a
2 Ill

RO2ik2192 A 2 p

P = 1112 22 1 22 p (4.3.1.12)

P 112p 2p2

I ip I le 2

Vie take the derivatives of in I PN with respect to a

where. m is a fixed subscript (m 1, 2, ... ,p)



60

ln IN EE aln ILL a-i
o%1  ij a j3Am

since
ianIPI 'J and

~ipj IiI

am C)am

rm I ml
[4~j-7 Rijaj + 4 .- R!~

[pf ~m p11 2

m
where 4is the Kronecker delta.
Hence

ln~ ~ I PfIýim PiJR1 jj+ 1 ~

a~~ ~ amIIejjhIir

- I -' -- + i a]
L I ii h Ii -j O

m r,



61

E R +im 1

I imm

T2- 1*EOiPij+I im
M I i 1

2 pmm

2 Pm 2i

n - ER I . p m (4.3.1.15)

am IMJ L

We must solve these equations in order to minimize

in IPJ and to obtain the canonical weights.

To obtain the gradient ofZ in IN'I we evaluate the

"(I1 +1 2 + *so +23k - k) expressions

1n IPI 2 pml Mpm m-1

am -- [ R mal + "'. + R 1 A 1

( prmn 1 ) pink

+ +m 6 + . + 2  R mkak (4.3.1.16)

since Rmm = I and a has (m - 1) components.

Subroutine FUNCT places In IP1 into F, and the gradient

vector, calculated by the above formula, and into G.



62

4.3.2 Description of the Computer Promram for FPM

This is the computer program for obtaining Minimum

Determinant Solution, in briefs FPM.

The listing of this program is in Appendix C; the

data are stored in TAPE 10. This program proceeds as follows

(1) The main calling program has the following opera-

tions.

(a) Call Subroutine 10, for data INPUT from TAPE

10, the temporary storage.

(b) Call Subroutine FMFP (IBM SSP) to find the

minimum of ln IPI .

(c) After the Subroutines have been completed, the

main calling program will outputs

(i) The canonical weights.

(ii) The determinant of Th calculated correla-

tion matrix, ,e. IPJ .

(iii) The grr-> ,ts of ln I PI

(iv) Canonicb.. weights in normalized form.

(Error codes, if any, and the number of iterations

needed are also stated as output.)

(2) Subroutine I0, This Subroutine will READ from the

TAPE 10, all needed information, and outputs

N - Number of variables involved,

LIMIT - Maximum number of iterations.

EPS - Permissible error during iterations.

EST - Estimated minimum of the given function.
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R - The super-matrix which has been produced from

C-E-R program, in the form of a row-wise list.

The Subroutine CONEC is called to construct an array

from the super-matrix R, needed for the Subroutine

FMFP.

(3) Subroutine FMFP: This Subroutine is from IBM SSP

(Scientific Subroutine Package) and was developed

from the Fletcher and Powell process (System/360-

CM-03X Version III - H20-0205-3, 223).3)

FUNCT - User written subroutine for minimizing given

function and calculate gradients.

N - Number of variables.

X - Vector containing initial weights, and it will

contain the final result.

F - A single variable containing the minimum function

value.

G - Vector containing the gradients.

EST - Estimated minimum function value.

EPS - Expected absolute error.

LIMIT - Ma.ximum number of iterations.

IER - Error codes,

IER = 0, convergence was obtained.

IER = 1, no convergence in LIMIT iterations.

3) But an error ir the IBM SSP program had to be corrected
first.
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IER - -1, error in gradient calculation.

IER = 2, no minimum exists.

1H - Working storage,

The Subroutine FUNCT is the user writtan subroutine

for in IPN to be minimized. Our FUNCT subroutine

will call Subroutine MINV (another IBM SSP) for

finding a matrix inverse, needed for the interme-

diate calculations.

This user vwitten subroutine FUNCT is called by the

subroutine FMFP (IBM SSP) whenever a new set of

canonical weights is determined. Within the FUNCT

the correlation matrix P is calculated for each new

set of canonical weights then the subroutine MINV

(IBM SSP) is called to find P-, the two-dimensional

array of P is packed into a single-dimensioned array

as INPUT argume-nt for MINV (since P is in storage

mode 1, pnly the upper triangular part of P is pack-

ed), as the P-1 is found through MINV, and back into

the FUNCT the gradient is calculated for determining

the convergency of the gi¢nn function.

In the correlation matrix, the Ui, j) element is

S3. j - !R , (4.3.2.1)

and for the gradient, it is the partial derivatives

of In ,PJ with respect to a. (the mth categorical

weights), hence



65

in IN. - M - (4.3.2.2)ImJ tj Im]

where I 4 a d a:34j and at the

same time, the value of in IPI is calculated.

Computer Program FPM

Flow-Chart

Main Callingi l

Program

(8) Output th Subroutine T01 (2) Subroutine FWFP
final 

(IBM SSP)

result (

Subroutine
(3)

CONEC

SA _
SSubroutine FUNCTION '

(5)I FUNCT Subprogram AM•AXI•

Luser written (6)

SSubroutine

(7)
SMINV (Ipn'i ssp),
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4.4 Reduction to Original Scales

4.4.1 Description of Algorithm

The ai weights found by the Minimum Determinant Solution

must now be translated into the desired categorical scales

based upon the E matrix (section 4.1.1).

For the choice of standardized scales, we introduce the

scalar

ki = -tUvp-i (4.4.1i.)
n

where ntuvq is a vector of marginal sums, viz.,
4 -. [nl,,', n.... oo "•9 nrill ]

n'o = In 1 , n.2., ... , n ]

n = Ln,. n..... ... n 3

no = ln,, p n,,,2, neo I•

no = In ..1 , n,... 2 p ... n ..r1 (4.4.1.2).oosq .• .• • ' . . , n .~ 5• . .

w! a I) (4.4,i.3)
1(-1) 1

(-1) is a conditional inverse found in the program

C-E-R (section 4.1.1).

n = grarv4 total = 4n .••A = n: ,.i =n' J

= n' j = no. (4.4.1.4)

Ail= [it it ... , 0 ] (4.4.1.5)

n are marginal totals which are obtained in the

proceos of construction of the E matrix.

We now form a new vector w. by subtracting ki from each
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element of w i.e.

*(ki44 (1 ... 6)

and thus * * *
-=n, Wl+ nfl1  + foe

+ nr *,*,Wlr,

- (Wll - k 1 ) + n2 ,*(w 1 2 - ki1 )

+ s + nr' (W k)

= s....-l - nk, = nkI - nk= 0 (4.4.1.7)

and similarily

n:t. ... 2 = n .u..• & :!;:v.. = 0 (4.4.1.8)

This is consistent since each of the rows and columns of

every Eij matrix sums up to zero.

Now let *(2)
Pi = stuva-w

n
where (2) = *2 wi2, ... w 2r and
whr i1 ~ i3  ir.

is defined as in (4.4.1.2).v -s'tuvq
Let . (2)

** 2i then •Ei = then wi = - (4.4.1.10)
Pi Pi

hence w for all i's are the categorical weight vectors for

the entire E matrix.

Since *(2)
**(2) =-stuvq-yi p

nl-wtuvq.2 - = n (4.4.1.11)
Pi Pi

therefore
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repose =t ! 1 (4,,112

n n

We conclude that, if each of the original categorical

responses is translatcd into a new set of scaled weights

obtained in this manner then, for the sample at hand, the

mean of the scaled weights will be zero and the standard

deviation will be one.

Now we let, for jth subject

uij = !ij and uki = (4.4.1.13)

it remains to be shown that the wi can be replaced by &i

without change of the correlation between resulting canoni-

cal variables.

Let there be s factors (response variables), let factor

I have r1 levels (i.e. variable I has r distinct categorical

states), factor 2 have r 2 levels, ... and factor s have r.

levels. In analogy with the Fisher-Lancaster approach, we

introduce rI + r 2 + ... + r. pseudo-variables. Each response

vector consisting of s categorical responses (one to each

factor), is translated into a vector of O's and 1's; if the

response was [c 1 , c2 , ... , c.] the resulting vector will be

a rolled out row vector, consisting of s parts; the first

part will have a I in position cl and zeros elsewhere; the

sth part will have a I in position c., and zeros elsewhere.

For example' if there were four factors with L3, 4, 2, 5]

levels respectively, and if an experinmontal unit had a res-

ponse of [2, 1, 2, 3], the corresponding y-vector would be
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2LO oCo1 L0O1 '001

The E matrix consists of the matrices of corrected sums

of squares and products of these observations. Let yij denote
tt

the ih part (i = 1, 2, o.. * a) of this vector for subject

No. J. Let ZI denote the average over the entire sample,

obviously

n nlee* 2*.*#... In "

-lo _,2_1. es, nr ]
n °r' "'2,,.

. nrr (4.4.1.14)

etc.

11.Let y thenEi = E ij zj (4.4.1.15)

the matrix of sums of squares and products of the elements
*0

of Xij , and s (. .6
Eik = E=1Xij Xkj (4.4.1.16)

* *

Now we let uij - and Ukj -w !kj represent
I3 4  ij an kj'wi k

two scaled responses for subject j. Over the entire sample,

we can thus calculate a canonical correlation between scaled

responses i and k, as

**e . *1 *9 S5
-i E I kj X -k &k + kili'£1Xij Zkj &kJ= j=-+ w~~i E ' kki + k kkI'-''_w y Yk j=I~i j Zkj I

-wi Ej -k + kii' Ei k -k + 'i Eik k• + kikki°Eik 1

W *9 E (4.4.1*17)

where the ki s are defined in (4.4.1.1).
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Since all row and column sums of Eik are zero, the

canonical correlation between Ui and Uk remains unchanged

if each w is replaced by wi . And since wi differ from wi

only by a scalar multiplier, the canonical correlation be-

tween Ui and Uk is obviously unchanged if w is replaced by

_wI
-i

Recall that R = T(')E T')' where

"0 ... 0

T ( _ ) _ 0 s ea1. . 0
-() ~ 1  . (4.4.1 .18)

0 0 f.. T•"1

hene ik-Ti Eik an
s pIk
E " P - °ik)Rik-k = O

k=1

where Jik is the Kronecker delta (from 4.3..110).

Then E ( pik . di) T1 T(')ak =0 * (4.4.1.19)
k=k ik ik

Let T()a = k hence
k k-wk I

T 1 ( t ik E ik k = 0 (4.4.1.20)
k=1

thus the wk are the weights applicable to the unreduced

matrices Eik (i = I, 2,..., sk=,2, ... , s) and

therefore to the original variables.

4.4.2 Description of the Computer Program for RTE

This is the computer program for obtaining the original

categorical scales for 9 matrix, in briefs RTE. The listirng

SL . . . . . . . . . . . . . . . .. . . . .
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of this computer program is in Appendix E. And this program

proceeds as follows

(1) Data stored in TAPE 10, are read. In this program,

we need the following informations

Record Is NWTS - Number of weights.

Record 21 NSETS - Number of sets.

(NRST(I),I=1,NSETS) - Number of rows in

each set.

Record 3. (X(I),I=1,NWTS) - Canonical weights from

the Minimum-Determinant Solution.
Record 41 ((NT(JA,I),I=1,IA),JA=1,NSETS) - Marginal

totals for each set.

Record 5s NTAL - The grand total.

Record 61 T(I,J,K) - T conditional inverses.

(2) Packed a, for all i's, the canonical weights into

a two-dimensional ar-sy for calculating Ei.

(3) Calculate,

(a) &: = a! T-i) (4.4.2.1)

(b) ki = (4.4.2.2)
n

(c) w*=w. - kW i (4.4.2.3)

E1 -1 ii 3
"nw+ 2  ". +" , +nw.2nlWil + n wi2 .+ nsW*s

(d) pi = s is (4.4.2.4)
n

(4) Calculate,
** _i

w i =-- (4.4.2.5)
Pi
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(5) WRITE the resulting categorical weights for E

matrix, i.e. _wt for all i's.

ComprQuter Program RTE

Flow-Chart

READ data from TAPEL (1)

10

Packed canonical weights

for all i, into a (2)

two dimensiotil array

Find wi, kw , i. and pi

for all i's (3)

Calculate w* for

I all i's

WRITE the resulting
** )

wi, the categorical

_ weights for E matrix



C{•APTER V

RELATION TO INVERSE OF CANONICAL-PARTIAL

AND CANONICAL-MULTiPLE CORRELATION MATRICES

It is well known that the diagonal elements of the

I
inverse of a correlation matrix are 2

(1. - p.rest)

where Pi.rest is the multiple correlation between the ith

variable and the others in the set. Also, it is well known

that normalization of the inverse matrix into a correlation

matrix and change of all signs in the off-diagonal elements

produces the matrix of partial correlations of each pair of

variables, given the rest. Hence in the inverse matrix, the

off-diagonal elements are

"a.i.rest (5.1)

i.rest) ( -j rest

Using this structure of an inverse we may, analogo,:usy,

calculate canonical-partial and canonical-multiple correla-

tions and produce a matrix which could be regarded as the

inverse of the matrix P. This procedure is outlined below.

We constructed an E matrix for some categorical variables

with different responses and transformed the E matrix into a

rank-reduced super-matrix R with the diagonal matrices equal

to I (the identity matrix). Hence

73
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i?11  R12  ".. Rl'

R R

Ri2  R2 2  R 2pR = (5.2)

0 0 see a

R ipR ... R
R2p pp

where = -R.. R I
11 2 2pp

We first partitioned the super-matrix R
1R .R R

12' 13 ' l p

R{2 , I ' R2 ... Rp
23 2p

R R , I '" 3p (5.3)

N I % I 9p

and then obtained a new matrix

R - l R ,1 2 (5.4)LR12 R2 7

where R R1 R,. I R. Rj -

41 - -I -1

1- 3 I 3 3
[R23  o R 2 R{ •

R %



75an e I of 3p IR! I
and R1 2 =12 - *R13 . Rlp .:::

The square of the canonical-partial correlation of set

1 and set 2 given the others is the largest characteristic

root of Rl R*R 2 2* , i.e.
11 12 22R 1 ,ie

-R*- 1 R* *-1 R* ('
P 2.34...p 1 1 22 R 12) (5.5)

But for convenience in calculating the characteristic

root, we first find a T such that R11 = T T and then

invert T , obtaining T*-I then R*I = (T*-I)'(T *i. Since

Ch(ABC) = Ch(CAB) then

2 = Ch (R*1
P12.34...p max R12 R22 R12 )

= Ch (T*-WT*- R * 1  *'R
max 12 22 R12

Chmx(T R R2 R2 T*-1 ) (5.6)
ax 122

in which the matrix inside Ch(...) is symmetric and real.

By the same process we can obtain all of the sample canonical-

partial correlation between any two sets of categorical var-

iables given the others, by taking the square root of the

characteristic roots

13.24...p' ' lp. 2 34 .. (p-i)' " se

P~-1)p. 123... (p-2)(

We can place these canonical-par ir:l correlations into

a (p x p) matrix (off-diagona.l terms).
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For the canonical-multiple correlationsB We partitioned

the super-matrix R

23 R . R - [
R R R

[RI2 1R32p 2] (5.8)
.~P Rip. 5 . 00 1

where R = R12  R13 ... RIP

"I R2 3  ... R2p,

R Ri 3 I 049 R3P
R22 = I O

Ri p ... I

R is the transpose of R1 2 ,
12 12

and the square of the canonical-multiple correlation of set

1 vs. the others is the largest characteristic root of the

matix * R*-I *0

matrix R12 R2 2 R12Hence p 2 @3eP C (R* R*-1 R*'-9

1H2 3 . = Ch 2(R 22  1 (5.9)

and by the same process we can find all of the squares of

the canonical-multiple correlations of one set vs. the othersie p2  2 2

2.13...p' p3. 12 4 ... pt Pp.123...(p-1) (5.i1)

Let v = 1 - p2 v 1 2 -11.23...p ' 2 2 .13...

Vp2 Pp2 (5.11)

Let us denote the canonical-partial correlation for ith
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and th sets given the others by

uij = Pij.k... 1 (5.12)

then the inverse of a correlation matrix would be

u1 2  - u23 ...

u12 u2 -uu12 _____ ~. ... *

r[[ Vl-VP jl 2p 13 Vp Vp

(5.13)

In matrix form, P-1 = D _j (21 - U)D (5.14)
V V

where U is the matrix of the canonical-partial correlations

with typical element uij, and D v- is a diagonal matrix with
1 V

t~ypical element "v -.



CHAPTER VI

ILLUSTRATIONS

6.1 Three Categorical Variables, Each With Three States

Let us consider a three-set case, each having three

states, for examples color, taste and harvesting region of

fruit. The contingency table is then constructed as follows

(1) The first set (color) s Red, Blue and Yellow.

(2) The second set (taste) , Sweet, Sour and Bitter.

(3) The third set (region) , North, South and Central.

Assume that the contingency table (3 x 3 x 3) obtained from

a taste testing experiment is

Table 6.1.1

N C S

B SB SW S B

R 30 70 30 3.7 10 53 5 7

B 10 50 40 15 25 30 35 25 10

Y 75 20 5 27 C 23 30 0 20

There are three two-way tables.!

(a) Tastes vs. Colors.

(b) Regions vs. Colors.

(c) Tastes vs. Regions.

78
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Table 6.1.2

Tastes vs. Colors

SW S B Sub-total

R 120 103 47 270

B 60 100 90 250

Y 132 20 48 200

Sub-total 312 .223 185 720

Table 6.1.3

Regions vs. Colors

N C S Sub-total

R 130 75 65 270

"`3 100 70 80 250

Y 100 50 50 200

Sub-total 330 195 195 720

Table 6.1.4

Tastes vs. Regions

N C S Sub-total

SW 115 79 ip. 312

S 140 53 30 223

B 75 63 47 185

Sub-total 330 195 195 720
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From these contingency two-way tables, we find the

following E matricesa

p168.7500 -93.7500 -75.00001

E = -93.7500 163.1944 -69.4444

-75.0000 -69.4444 144.4444.

176.8ooo -96.6333 -80.6666-

22 = -96.6333 153.9379 -57.2986

-80.6666 -57.2986 137.4653.

178.7500 -89.3750 -89.37501
E = -89.3750 142.1875 -52.8125
33 189

-89.3750 -52.8125 142,1875-J

[ 3.0000 19.3750 -22.3750-

E12 = -48.3333 22.5964 25.7638

45.3333 -41.9444 -3.38882L 2600 1.8750 -8.12501
E = -14.5833 2.2916 12.2916

8.3333 -4.1666 -4.1666-

S-2P.0000 -5.5000 3350001

E2 3  37.7916 -7.3958 -30.3958

-9.7916 12.8958 -3.10+42

Using the Gauss-Doolittle foreward method, we then find

T(-I) matrices.

0.076980 0.0 0.01

T(-1 )1 0.052705 0.094868 0o.0
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[0.075207 0.0 0.0
2 I.0.054355 O.o99447 0.0

[0.074e958 0.0 0.01
0.050673 0.101273 0.0

and R=D EDT

"R11  R12  R1I

R i2 R2 2  R2 3
RI13 R23 R33"

10.0 1.o] 33

[ 0.017368 0.1608761
12 [-0.322955 0.073841

=[ =0.035986 0.038980]

13 -,0.078842 -0.021350]

R [-0.157504 -0.148522]23 0.167268 0.008479

where

0 01
Do o=•"1

TL 0 02 T1)j

After initialization of the 3anonical weights, by the

process of the Fletcher-Powell method, the normalized canoni-

cal weights for each set turned out to be
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at = II 0.0547 0.998 J
, - 0.929 -0.369 J
= L 0.856 0.516 J

These canonical weights will minimize the log deter-

minant of the canonical correlation matrix, we further cal-
culate the matrix with elements a! R.. a. = P

1.00000 -0.33853 -0.075641

P = -0.33853 1.00000 -0.25115 (6.1.1)

--0.07564 -0.25115 1.000001

the inverse of P is

-1.16571 0.44484 0.199921

P = 0.44484 1.23707 0.34435 (6.1.2)

0.19992 0.34435 1.10160J

and I Pl = 0.80373, the minimum determinant.

For comparison , an attcmpt will be made to approximate

P-1 by the canonical-partial, canonical-multiple correlation

described in CHAPTER V. We partition the super-matrix R in

the following mannert

R R
R =1 *1 *

LR12 R2 2 -

,[0.997184 0.0036691

13R13 = 0.003669 0.993328

, r0.953133 0.027605]
22 23 23 0.027605 0.9719490
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0.028826 0.154526
R12 = R12 R1 3R3 -- 348544 0.087210

" "12 1oo
T*- 1  [1.001410 0.0 51

1 -0.003692 1.003350
UT*-I1 * R*-1 *' *-Is

U12 3 = T1  R12 R22  R12 T1

= [ 0.025269 0.0047881

0.004788 0.138094

The canonical-partial correlation for set I and set 2

given set 3 is the square root of the largest characteristic

root of U12 . 3 ,

P1 2 3 =VChmax(U1 2 3 ) = 0.138296 = 0.371882

We then continue the process and partition the super-

matrix R as follow, in order to find P1 3 2,

13 12 R RI3
R iI Ri3  lR * 11 1

RN2  R2 3  I R13 R33

where

. r 0.973817 -0.006096
R11 = I " R1 2 R12 =o.oo6o96 0.883687]

33 =O1947212 "-.024811 0.977869

R.3  F O1 812 O0.07419642R13 = R 13 " R12R2 3 =1-0.143635 -0.071428
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T1 =[1"056430  0.0 ]
o.oo6659 1.063800o

U =T*I R * R*-I H* T"
13.2 1 13 33 1

[ 0.001875 -0.0052781

-0.005378 0.3112621

The canonical-partial correlation of set 1 and sat 3

given set 2 is the square root of the largest characteristic

root of U1 3 . 2,

Ph13.2 = Fhmax(U 1 3 . 2 ) = 0"032049 = 0.179023

For the canonical-partial correlation P2 3 .1P we proceed

as follows
I R 23 R i2-, R R2 R2

Rj 3  1 R{3 R *, ]

LR.12  R1 3  I R2 3 R33

where

-Ri 2R [0.888838 0.0217921
R2 2  0.021792 0.9686661

*= - "0 [ 0.992489 -0.0030861

33 'RI .N313• L-0.003086 0.99F024]
= -- o.184?8o -0.1563071
R23 = R 23 " R'12R13= 0.167301 0.003785]

h2 -0.2491/ 1.016320]

The canonila1-partial correlation of set 2 and set 3
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given set I is the square root of the largest characteristic

root of U2 3 .1,
U T*I R* R*-I R*' *-1

U2 3. 1 =T R233 3 R 2 T2

- [ 0.066282 -0-0357921

-0.035792 0o.030794I

2 0.088487 = 0.297466
'23.1 = \]Cmax(U23.1 )

Hence the canonicAt-partial correlation matrix is

1.0 0.37188 0.17902-

0.37188 1.0 0.29-47

0.17902 0.29747 1.0

To find the canonical-multiple correlations from the

super-matrix R, we will partition the R into the following

form

where ~ R 12 R,13 adF: 1 R 3

R =R,2 I R2 = ,12,

12 22

whr R = R RIand R* R 23
whee 12 12 R13] 22 = •

and VR R R1.23 12 22 12[0.028009 0.001189]
0.001189 0.143878

The canonical-multiple correlation of set I vs the

others is the square root of the largest characteristic root

of V1 . 2 3,
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123 -. (V . 2 3 ) = .13890 = 0.379328

and the associated characteristic vector is

C 0.010257 0.999947 )
The canonical-multiple correlation of set 2 vs the

others is obtained by partitioning the super-matrix R in the

following manners

I Ri 2 R2 3  I RF3

R = R12 I RI3 = .,
1R Ri3 [R12

where R *R R13]
R23 = iR2  R23] 33 =[R1, I

S@--1

= R * R *_lR *

2.13 23 33 23

0.170075 -0.053549]

-0.053549 0.059554
The canonical-multiple correlation of set 2 vs the

others is the square root of the largest characteristic root

of V2,130

02.13 =VChmax(V2.13) = 0.1?a763 = 0.437908

and the associated (characteristic vector is

[ 0.926861 -0.375404 ]

The canonical-multiple correlation of set 3 vs tka

others is obtained by partitioning the super-matrix R in the

following manner,
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R I R
Ru R1 3 I 1 2 i2

[ R2 3 R 2  1 and3 R811

13 38A1 n 12 I

VI* R * R

~3,12 13 R 1 13
0,.076253 0.036862 1
0.036862 0,029523

The canonical-multiple correlation of set 3 vs the

others is the square root of the largest characteristic root

of V. 1 2 ,

P C~hma FV12  .096532 = 0.310695

and the associated characteristic vector is

II0,8761741 0.481994&

In accordance with the discussion in CHAPTER V,

P * t • i.k fori .i
2 '1 ~iojk ,41 ' j.ik

at this stage, the sign of the partial correlation become

important. A canonical-partia. correlation is defined to be

positive but the entries in the inverae of a correlation

matrix can be positive or negative. One technique of choos-

ing signs is to use those which produce an inverse whose

diagonal elements are near unity. In the present example,



assmim an1 partial cerrelatiet, to be nMt*Ve we obtained

an Invese Vhose disaol elments wo.e eloee to one, namely,

1.16o07 0. 70 0.36,

P-b1 [ 0.4?707 1.12373 0,W11i

0.20356 0.311811 1.1

and

0.99946 -0•3396 -0.•0"05
Pu(P'l)'11 -0.3339*6 1.00199 -o025270

0-0.7705 -0.25270 0.99711.1

This is quite similar to the correlation aiatrix (6.,.1)

and (6.1.2) based upon the ainimm•-4eterminant solution.

Three principally different approaches (canonical-multi-

pie initializa.ion, minimum-determinant and construction of

the inverse of a correlation matrix) lead to very similar
results. This fact is additional evidence of the existence
of optimumecale values derived from the data, quite indepen-

dent of the method of analysis.

The reduction to the original categorical weights for

the E matrix is as follows

Aj *I0.054'? 0.998

k 0.929 -0.369)

.3 0 •.856 0.516 .

The marginal totals for each set aro

Uj. = C 270 250 2001

nj = L 312 223 185)
Do L 300 195 195)I3
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The grand total iss n 720

Reduotion to the original categorical weights results

are

V.-1 * 0.07054 1.08735 -.1,4544~2J

12 (1,06254 .1.25980 -0.27338)

w* = (093106 -0.08640 .1.48923]

6.2 Three Categorical Variables, with 2. 5 and 2 States

Example of a contingency tables

Table 6.2.1

MenI Women

A B C D E A B C D E

Survive 741 742 345 188 79 896 716 276 93 35

Death 360 297 150 75 79 420 334 175 59 41

Sub-total 1101 1039 495 263 158 1316 1052 451 152 76

Remarks From Cramer's "Mathematical Methods of Statistics"

pp 450, table 30.7.1.

(1) The first set (sex) , ?en, women.

(2) The second set (age) a A - 15 to 24 year-old group.

B - 25 to 34 year-old group.

C - 35 to 44 year-old group.

D -4 5 to 54 year-old group.

E - 55 year-old and above.

(3) The third set (risk) , Survive, death.

Of course, categorical scaling is required for the five-
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state set only since weight, are arbitrary for the ýwo-level

factors. we will, however, proceed formally as iLr bhe pro-

vious case.

There are three two-way tables8

Table 6.2.2

Sex vs., Age

Men Women Sub-tc •A

A 1101 1316 24's

B 1039 1052 2",'.

C 495 451 %)

D 263 152 A15

E 158 76 P.X

Sub-total 3056 304r' 6103

Table 6.2.3

Sex vs. HRihk

Men Women Sub-total

Survive 2095 2018 4113

Death 961 1029 1990

Sub-total 3056 3047 6103
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Table 6*2*4

Age vs. Risk

A B C D E Sub-total

Survive 1637 1460 621 281 114 4113
Death 780 631 325 134 120 1990

Sub-total 2417 2091 946 415 234 6103

The E matrices are as follows

Ell - 1525.7467 -1525.7467]

15,5.7467 1525.7467

1459.7840 -828.1086 -374.6489 -164.3544 -92.6721

-828.1086 1374.5849 -324.1170 -142.1866 -80.1727

E22 = -374.6489 -324.1170 799.3646 -64.3274 -36.2713

-164.3544 -142.1866 -64.3274 386.7803 -15.9118

-92.6721 -80,1727 -36.2713 -15.9118 255.0280

E 33 1341.1224 -1341.12241

3-1341.1224 1341.12241

12[ -109.2822 -8.0418 21.3025 55.1940 40.8275 1
109.2822 8.0418 -21.3025 -55.1940 -40.8275

[ 35.4673 -35.46731
-35.4673 35.4673]

8.4091 -8.1091

50.8106 -50.8106

E23 -16.5386 16.5386

1.3187 -1.3187

-43.6998 43.6998
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The T conditional inverses area

TW) C0.025601 0.01j
0.026173 0.0 0.0 0.0 0.0

0,018859 0.033244 0.0 0.0 0.0
2 00,0o23o 0.0302w3o 0,o5969 o,0 0.0

0,052275 0.052275 0.052275 0.081750 0.0

- 0.027306 0,0

The super-matrix R is

R 1 1 m
R12 =E-0.073226 -0.059607 -0,063003 -0.012989]

"1 0 0 0

0 1 0 0
0 0 1 0

L0 0 0 1

R 0.024794

f=13

"-0,005796"

0*050301

R33

R23 =0,025619

L,.o,063440

R 33= 1

By initialization of the canonical weights and by the

Fletcher-Powell method, we found the normalized categorical
weights for each set are

a1  I = a3

S=10.501 0.598 0.517 0.3491
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Further, we calculate the canonical correlations with

(., J) element a! Ru Alj

r .00000 -0.10956 0.02479

P -0,10956 1.00000 -0.06845 . (6.2.1)

[0.024.79 -0.0684,5 1.00000

Here, the (1,3) and (3.1) elements are positives if we

want al off-diagonal elements to be negatives we can make

the signs in a negative, which changes the sign in the (1t)

and (2,3) elements.

The inverse of P is

.101322 0.11326 0.03287

p-l_ 0,11326 1.01736 0.07245 (6.2.2)

0,03287 0,07245 1.00577

and 1PI 0,982324

Again, to approximate the matrix P-1 by canonical-

partial and canonical-multiple correlations we will make the

usual partitions of the super-matrix R. First, the canonical-

partial correlation of set I and ,iet 2 given set 3 is obtained

from

[I R 12  R 13
R = 1i2 I R 23

R3  R3
and R I R - 0.999385

R , q
22 I 23R2 3



"O.999966 -0,000292 -0.000149 -0.000368

-0.000292 09997469 -0.001289 -0.003191

-0.000149 -0.001289 0.999343 -0.001625

1.-0,000368 -0o003191 -0.001625 0.995975

R12 at R12 - R 13 R2

= [a0.073369 -0.060854 -o.o63638 -o.0o14562]

Hence, the canonical-partial correlation of set I and

set 3 given set 3 is the square root of the largq- t charac-

teristo root of

U R* R* R* R*; 013912.3 11 12 22 12 = .013393IandP1 2.3 = aj(Ui 2 3 ) m 0.013393 = 0.115728

For the canonical-partial correlation of set I and set 3

given set 2, we have

R * I - R R = 0.986946

* I = 0.992755
33 'Ii-R3 "23

R - R' = 0.030655R13 = '13 '12 23

=*-1 ;1 * *'

U1 3 2  R 1j R*3 R R1 3  - 0.000959

Therefore the canonical-partial correlation of set 1 and

set 3 given set 2 would be the square root of the largest

characteristic root of U1 3 . 2, hence

P1 3. 2 = 0.030969

Finally, the canonical-partial correlation of set 2 and

set 3 given sot I is
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0.994638 -0.004365 -0.004614 -0.000951

-0.004365 0.996447 -0.003755 -0.0007?4

-0.004614 -0.003755 0.996030 -0.000818

-0o.000951 -0.000774 -0.000818 0.999831

R l I " R{, R1, = 0.999385
33 I1"0.007611

* 0.051779
R = - R R1 3  0.027181

0.063763

The canonical-partial correlation of set 2 and set 3

given set 1 is the square root of the largest characteristic

root of U2 3 o, where

"0.000058 0.000396 0.000209 0.000488

0.000396 0.002696 0.001427 0.003316
U2 3.1. 0.000209 0.001427 0.000755 0.001755

0.000488 0.003316 0.001755 0.004078

P 23.1= 0.087103

So the canonical-partial correlation matrix is

1.00000 0.11573 0.03097 1

0.11573 1.00000 0.08710

0.03097 0.08710 1.00000

For the canonical-multiple correlations we will parti-

tion the super-matrix R as described earlier; for the canoni-

cal-multiple correlation of set 1 vs. the others.
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R22  [ 2 3 1

y 4,s~s [41 M*•

and V 1 0013999i and V~1,23 " 12 "22 R12 =0039

The square root of the largest characteristic root of

V 1.23 is the canonical-multiple correlation of set I vs the

otherso

P1,23 u 0.118320

and the associated characteristic vector is, of course

[1]
For the canonical-multiple correlation of set 2 vs the

others, we have

R[I 13
R2= [R1 2  R2 3  and R* =

V2 13 = 32, R33 2;

0.005419 0.004759 0.004821 0.001437

0.004759 0.006236 0.005164 0.004078

0.004821 0.005164 0.004709 0.002553

0,001437 0.004077 0.002553 0.004237

The square root of the largest characteristic root of

V2.13 is the canonical-multiple corrolation c" set 2 vs the

othersa

P21 = 0.13068

and the associated characteristic vector is

[0.531723 0.598517 0.517728 0.349290]
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Finally, for the canonical -multiple correlation of set

3 vi the others, we have

R13 b CRI 3 Re2 3  and Rl1  [ R

V3 1 2 - R13 R*l R*1 = 0.006197

3,1 1311 13

Then the canonical-multiple correlation of set 3 vs the

others is the square root of V3 ,12t hence

P3. 12 = 0.090537

and the associated characteristic vector is

[1]

So thW inverse of a canonical correlation matrix P would

be

r 1.01419 0.11756 0.03132 ]

p- 1  0.11756 1.01736 0.08822

0.03132 0.08822 1.00826

and

0.99983 -0.11369 -0.02110o

p=lp- )ý{-I 0.11369 1.00337 -0.08426

-- 0.02110 -0.08426 0.99983

and IPI = 0.982158, the minimum determinant.

Again, when compare with (6.2.1) and (6.2.2) the appro-

ximation is quite close.

For the reduction of the categorical weights for E

matrix, we have from Fletcher-Powell method the normalized

canonical weights
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a, .a 3

= (o.so 0598 0.517 0.349)

The marginal totals for each set are

flj a [3956 3047)

n= a12417 2091 946 4115 234)

ril a 14113 1990)

with the grand total n = 6103.

The final categorical we5 ghts for 'the B matrix are

-1 = ,.0.99853 -1.00147]

o= 0.6194o 0.26653 -o.44928 -1.70580 -3.93789]

[ 0.69558 .1.43764]

6.3 FourCat.georical Variables, with 4. 4. 3 arid 3 States

Let us conside" a case of four sets with the first and

the second sets having four states, the third and the fourth

sets having three states (4 x 4 x 3 x 3).

There will be six two-way tablesl the calculation process

is the same as two previous cases (6.1 and 6.2).
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, • eontirgeW table 1I

table 6,3,1

A,_ A2 A A
"_ 3

312 'B3 B4 L~B4 BL B3

at t2 0 1 8 2 00 0 1 ' 6 10 1 1

CIl I 40480220102

D 20 2 1 2 2•10 1 1 8 2 1 1 1

D. 2 8 111 1 1 _2 141101 110 42 1

C2D2 N 150 4010 1•12•1 2 451 3 10 12 40 50 101

D3 20180 8121 11 1 12 96151150 80110

D20 2014 56 3 60 8 14 402 15105 2

CD 40 2001'0 4 1 2 6 20 10 40150 5 100 50 10 2
3 

-mw 
1- 

- --D 30 60 4 1 5 4 3 15 8 620 2 420 51 2

The six two-way tablesi
Table 6.3.2

A ve B

At A2 A- Sub-total

B1  275 23 47 382 727

B2  445 33 85 226 789

B 42 122 285 46 495

B4  22 314 95 16 447

Sub-total 8-84 492 512 670 2458



Table 6.3.3
AvyC

A3.. Sub-total

ci 68 330 252 50 ?C0
C 323 32 65 359 779

c 393 130 195 261 979
- - mm%=

Sub-ton 784 1492 512 670 2458

, Table 6.3.4

6 A AvD Sub-total

D81 341 23_ 5 _ 716

D2  384 94 20? 300 985

D 319 57 68 313 ?57
Subtotal 784 492 512 670 2458

Table 6.3.5

Bve C

B1  B2  B B4  Sub-total

55 81 264 'O0 700

C2  390 286 74 2 779

C3 282 422 157 118 979

hSub-tota 727 ?89 495 447? 2458

I

______
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Table 6.3o6
BDye

B, Sub-total

D 72 86 246 312 716

D 286 433 180 86 985

D 369 170 69 49 757

Sub-totel 727 789 4951 447 2458

Table 6.3.7
CvsD

C Ce
2• CJ c Sub-total

D4 461 50 205 716

D2 19l4' 242' 549 985

D3 45 4`07 225 757
Sub-total 700 779 9 12458

The E matrix are as followo

533.936 -156.927 -163.306 -213.402

S[-156.927 393.5'9 -102.483 -134.109

.-163006 -102.483 405o350 -139.560

-213.702 -134.109 -139.560 487.371

511.976 -233.361 -146.04 -132,208-

-233.361 535.736 -158.891 -143.483
E22653S-t46,4I05 -158.891 395,315 -90.018

i .-o2 o208 -143.483 -90.018 365.710-
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500.60.o -221,.7 -278.803]

9 3 a 221.81#7 532.115 -310.268

Ln2i8*80 :310*268 589*0?21
50or -2692 220.5091

34 a 28699211 5"90278 -303,354

L-220*509 -303.354 523o86, J
"4•3.11? 19..3-341 -11-5•8Ef-120,-574

-122.518 -124o,928 22,919 224.527
-12 a -104.433 -79.348 181.891 10890

183.834 10.935 -88.927 -105.842

-155.270 74o531 80.739
189.886 -123.926 -65,959

131106.190 -97.265 -8.92 5

-140.805 146.660 -5.855-1

-152.038 159.516 -7.558-

"2.43,694 35,947 107,748

123,.031 -82.878 -0.1,54

L 172.701 -112,665 -60.036

-147,374 69.826 77,.548

E1 197.683 -103.160 -94.523
14 U 87.858 1.825 -89.683

L-138,166 31.509 106.657

r -139,770 -5.332 145.1021

-143.830 116.822 72,009
E24  101,809 -18.362 -83.447

181,791 -93.127 -88.664 -
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-257.094 -86"513 -170s581

1[ , -176.917 -70.170 247.088 .

-. 80,177 156.683 -76,.507j

The T conditional inverses are

0.043279 0.0 0.0 0.01

T('1) = 0.015769 0.053652 0.0 0.0

0.025427 0.025427 0.058699 0o0-

.0044195 0.0 0.0 0.0,

2( a 0.021997 0.048259 0.0 0.0

-0.OV.287 0.034287 0.065248 090-

T0.0"692 0.0 0.o0
0.021275 0.048012 0.0]

T4(-1) = 0,044h393 0.0 0.01

0.027330 0,048335 0.01

Hence the super-matrix R consists of

R1 1  0 1 J R22

R 33= [1 1 R4

0.082467 0.444844 0.023633-

R12 = -0.260426 -0.305975 -0o3o6343]

-0.360152 -0.322009 0.163962-

"-0.300315 0.0119021

R = [0.345889 -0.098147

0.317918 -0-183083.1
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-0 L 0E33 0,195692'3
i•3 -J-.459394 090313157/

L-0.O94.392 0.01.7331 .IE-0.283130 -o0.028251 ]
R14' 0.3o,67669 0,o0.2o56

0,2572 0,1012056

-0444625 -0,.006904JR2= [-0,136764 0,042654.

R
0,510076 0,12724.6]

l34 -0.134265 -0.3344631

By some initialization of the canonical weights, and the

Fletcher Powell method we obtain a set of normalized canoni-

Cal weights which will minimize the log determinant of the

canorical correlation matrix,

Aj C-o.,531 0.619 0.577)

a C 0o.561 0.804 0.192)

a3 C 0.946 -0,321)

a- C 0.958 0.285)

and P with element Al Rtj a~j equals

"1.00000 -0.75165 0.58355 0,55026

-0.75165 1.00000 -0.57193 -0o54388 (6.3.:1)
0.58355 -0.57193 1.00000 0.56931

o0.55026 -0.54388 0.56931 i.ooooo

By taking negative signs of a2' we can make the off-

diagonal elements all positive, the inverse of P Is then
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2.,5727t5 -1.4W2 -0.45289 -0.35071

/-1.98402 2.51606 -0.38298 -0.33380

-0.0.5289 -0.38298 1.80926 -0.57252 (6.3.2)

0-0.3571 -0.33380 -0.57252 1.70047

and II .0.158256

We now calculate the canonical-partial correlations&

For p.2.3'

it 13 [R 14]([I R34] [Rj[R

F0.886809 0.136459 0.115606

0:136459 0.825142 -0.149995
0.115606 -0.149995 0.848485.

R12 = R12 - [R1 3  R1 I R,. -1 Re3

H34  1I

-0.027496 0.270088 -0.019955'

= .-0118013 -0.091662 -0.308620

-0.210162.-0.141697 0.205016

R T - [R, R ][I R 1  i,

0.849399 -0.168143 -0.038132 1
= -o168143 0.728007 -O.07?279

L-0.038032 -0.070279 0.977854
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r1*0619oo oeo 000':;;:59 : le115140 0.0 J
L-O.181826 0*233.510 1*119140

" -1 =ij TI-1)T(-1)

U'2• TI'• R " R "' T(')"'
U12 34  1 12 22 12 1

0,114767 -0.069291 -0,103357

-0,069291 0.200738 0.063874

[-0.103357 0,063874 09205583,

The canonical-partial correlation of set 1 and set 2

given the others is the square root of the largest charac-

teristic root of 1112 ,,34 hence

P12,34= 05.79441

For P13 ,24.

R I [R~1  Rl 4  I R2 1 f R{2
F0.789515 0.175271 0.174976-

0,175271 0,678013 -0,141414J
o0 174976 -o. 14•1414 o. 729794..,

1.125430 0.0 0.0 1
1T(-'I *{0n.275758 1.242160 0.0 J

.-0353969 0.347428 1.249140

13, = 
12 14] [ 24 [
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•o.9887 • -0.029540

[0,061091 -0.025272

o.051780 -0.076573

3, i ~ Ryj]I R24~ 1 p3

10.°619281 091222081

0.122208 0,858676

r 0.005679 -0.007039 -0.0063501

U1 .24 "1-0.007039 0.013984 0.020603

L-O,oo635o 0.02o6o3 0,033003-4

The canonical-partial correlation of set 1 and set 3

given the others is the square root of the largest charac-

teristic root of U1 3 .2 4 9, hence

p1 3. 2 4 = 0.220117

For P23.14.

f 0.774930 -0.234182 -!.038919"

"R -0,234182 0.585180 -0.078306

L-0.038297 -0,078306 0.8356894
. .6044353 -0.0592611

RZ -0.088416 -0.053181

L-0.001943 0.015324]

R [0.620651 0.1354211

33 0 0.135421 0.855330J
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.1I35970 0.0 0.0
1& 0 0*4214~34 1.394260 0.0

2
00.114051 0.193599 1.1056901

S0,011512 0,009798 0.003749

U23 1'U 10.009798 0.032873 0,005151]

0.00O3749 0o005151 OO17,

arid P~,.4 VO~U3 1 ).,03,-,J 0.194250

For P1 2 a

0.787713 0.174990 0.174636-F 0.174990 0.690170 -.0.174382I
0.174636 -0.174382 0,718933a

-0.039524 -0.007767 -

= 0.078144 -0.004448

L 0.32788 0.0210331

[ 0636267 -0.097197
4 -0.0o97197 0.8582211

1.126710 0.0 0.0

n-0.2?5169 1.230110 0.0

1-0.360182 0.3610081.6804

0.003404 -0.006865 -0.006351-

U 4 2= 0006865 0.019815 0.013064

-,0006351 -0.013064 0.011859J

p14.23 a mrax 1U4.23) = -0.032470 =0.180195
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For P2 ,1 3 .

0,-o77793-0.238515 -0.0414681

R22 a I-0,238515 0o583674 -0,071973

L-0.041468 -0o071973 0.8382851

-0.022346 -0.079087

R2 -. 082556 0.051299 I
0.L-0037265 -0.030412 J

. [0.635430 -0.097427

44 :-.09?427 0.865801J

1.136070 0.0 0.0

0.430962 1.399930 0.0

0.115421 0.183174 1.102970

0.011342 0.002960 -0.000382"

U2 4,13= 0.002960 0.025073 0.012127
L-.rO000382 0.012127 0.006164,

P24 . 13 = ~ a(U 2 4.13 ) = 0.031308 0.176941

For P3 4 . 1 2 '

-, [ 0.645318 0.0975151

33 1 0.097515 0.941411

3, [0.166oii o.064476R 34 =.-0,042258 -0,2904381

R*. [0663253 -0:054594

44 -0.054594 0.958841
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1,244183o 1P380 1

3 1-.1569?t10380

0,740 0:o7•.0.0*54168
u.''t" .-,054168 0,1130661

P3.12 c (U, 12 ) 0O.151216 = 0.388865

Hence the canonical-partial correlation matrix is

1.00000 0.57944 0.22012 0.18019

0.57944 1,00000 0.19425 0.17694

Lo,22 0.19425 1.00000 0.38886

Now we want to find all of the canonical-multiple corre-

lations of one set vs the others.

For P1. 2 34 '

* 1R12 =[•R,2 R 13 R14]"

I R 23 R24'"

R2 2 = R•, I RH, and
R9 4  Rj4  I

1 ..234 R12  22 R12

L0.214976 -0.179312 -0.1770991

= -0.179312 0.320o683 0.150o401

.- 0.177099 0.150404 0.283560.J

The canonical-multiple correlation P1 .2 34 is the square

root of the largeut characteristic root of V1 2 3 .1
S1.234

P1.234 the aat (V c .234) /0.612946 = 0.782908

and the associated characteristic vector is



[-o.534759 0.622277 0.571665]
With the same process we obtain, for P2,134

V2~ ~ R*-1* R 9-

1 12 D11 12
201233994 1 0.37671 0.040383

0,237671 0.,428806 0077936
I.O*O4O383 0.0??936 0,164170J

and P2 LF ..1) 0.605516 =04778149

and the associated characteristic vector is

[0.543520 0.816636 0.194136]
For P31/

.3.124

V3.124 R1 3 R1 R13

0,42631Z -0.132158
0.132158 0.151799]

p312 = Chax(V 14 = 0O.459410 a0.677798

and the assicuated characteristic vector is

[0.918793 -0.3947383

For P 4 . 12 3 ,

V4.123 14 Rl R1 14

[0:384348 0.092996-'

0,092996 0.144838
.3= h (4(12V = V 416 216  = 0.645148

and the associated characteristic vector is

[0.945997 0.324174]



112

Therefore the inverse of P is
!: •"2o5836 -,.•889 -Oo.481:1 .0A 90,,3s

-1,.48289 253,496 -.0.206L. -0,,36871I

-0.•48121 -0.42064 1.84,983 -0.61112?12

-o.37908 -0.36871 -0.69221 1,71296

and

1.23264 0.98365 0.85.•9. 0.82999

(0.98365 1,22961 0,84355 0,82324

0.85492 0.84355 1.28837 0.89140

0.82999 0.82324 0.89140 1.30488

Compare with (6.3.1) and (6.3.2), here we can see that

(p=1)-I is not a correlation matrix. If it is normalized, it

would be close to the minimum-determinant correlation matrix,

thoiagh.

The reduction to the E matrix, we have from the Fletcher

-Powell method, the set of canonical weightsa

L [-o.051 0.619 0.577)

C= o0.61 0.804 m.192]

= [ 0.946 -.-0321

a4 C 0.958 0•285)

and the marginal totals for each set are

Lj = r 784 492 512 670)

F 727 789 485 447)

n3 = L 700 779 976]

D = L 716 985 757)

and thft grand totals n = 2458
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The categorical weights for the E matrix are

1 0- L-0.?76005 1.527350 0.832238 -0.,84448]

-2 w C 0.866107 0.683918 -0.946218 .1.568864]
j3 a ( 1.500610 -1.023690 -0.258397]
F - C 1.495060 -0.317612 -1.000810)

6.4 Four Categorical Variables, With 4. 4. 4 and 4 States

Let us consider a case of four sets with each set having

four states.

The contingency table is

Table 6.4,1

Aa2 A I A A4
~Bx

B B B L, -2 a - B -

1B 15 15 10 15110 10 10 10 30 5 20 5 30 20125 10
D4  10 1 5 151530 35 30 30 2030130 30 10 • 0 20
DI 40•40 51040o 35 10 51 0 5 0 0 10 20

CD2 510 1!05 25 25,25 30 10 20 15 15 10 20120 10
2 ffm -m-- ----

3 25 35 35 40 10 105 5 10 10 10 10 20 10 20 20
D4 2530 30 .5120 5 35125 5 5 5 5 0 10 0, 0

D o40 20 30 5 50 0 01025110 5 20130o30 10 20

cV2" 4001100 5 35110 201 0 20 20 51 5201 1515
10 5 52030 252 525 10 10 5 5 10.10 0 0 5

D4 1253020 10 1-01010 201 510 5 10 0110120110
D1 0 20 10 0120125 01 0410 35 40 40 5 10 10 20

C o2 0 o20 10 1020 0 o0,1o 201 0 T o 10o2011515 5
D 251 30110 10 20 20 5 520 107 5 0 30125130 30

51 0 40.o o 0 0o0 10 0!10' •' . 51 lo 1 0 20110
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We have six two-way tabless

Table 6.4.2

__ _ A A 2 7o, L AA A 4  Sub-total

BI 310 290 2-70 210 1080

B2 345 245 240 190 1020

B3 255 270 190 215 930

B4  190 255 195 220 860

Sub-..',/tal 1100 1060 895 835 3890

Table 6.4.3
A Avs C

________ A1  A2  A Sub-totalF 2
c1  195 370 32 190 1075

C2 365 310 140 170 985

S310 225 170 210 915

C4  230 155 265 265 915

Sub-total 1100 1060 895 835 3890

Table 6.4.4

- -vs D

_Al A2  A3 A4 Sub-total

D 295 270 320 195 1080

D2 190 305 225 210 930
D 330 205 165 2.3f. 985

D) 285 280 185 14k 895

Sub-total 1100 1060 895 835 3890
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Table 6.4.5
EvaC

B B1  Sub,-total~B ....... 4 ,=, , ,

C1  295 260 2?0 250 1075

C 220 245 260 260 985
2 - a i a L

C 310 210 200 195 915

C_, 255 305 200 155 915

SuTtOtal 1080:_ 1020 930 860 3890

&able 6.4. 6

B vs D

BB B4  Sub-total

D_ 300 280 235 265 1080

_ _D2 295 245 215 175 930

D 300 235 235 215 985

SD4 185 260 1245 205 895

Sub-total 1080 1020 930 860 3890

-ýable 6.4.7
Cvs D

_____ 02 c C Sub-total1 2 3

DI 295 250 260, 275 1080

D2  215 255 245 215 930

D3 2.40 275 195 275 985

DL, 325 205 215 150 89.5

Sub-total 1075 985 915 915 3890
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the R aj matrlceu are as foL1.o,11

788.9*6 -299.742 -253.084, -236.118

-299.7*42 771.156 -24.3.881 -227.532

-253.084 -23.881 689.081 -.192.114

L-236.118 -227.532 -192.114 655.7641-

- 780.154 -283.187 -258.200 -238.766

-283.187 752.545 -243.856 -225.501
_-258,200 -243.856 707,660 -205.604

-,238.766 -225,501 -205.604 669.871

"777.924 -272.204 -252,859 -252.859

-272.204 735,584 -231.690 -231.690

-252.859 -231.690 699.775 -215.224

.- 252.859 -231.690 -215o224 699.775 T

780.154 -258.200 -273.470 -248.483

"-258.200 707.660 -235.488 -213,973

-273,470 -23-.488 735,584 -226,625

L-248,.83 -213.973 -226.625 689,081

4.602 56.568 -7.982 -53,188
-4.293 -32.943 16.581 20.656E12 =

21.516 5.321 -23.9?2 -2.866
-21.825 -28.946 15.373 35.398 J

-108,984 86.465 51.259 -28,740

77.069 41.594 -24.332 -94.332E13
72.667 -86.626 -40,.521 54.479

L -40.752 -41.433 13.593 68.593 -
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"-3.458 -53*.470 55,964 09611
-21.877 -13,277 -29,923 65.077

E23 12.995 24.512 -18.753 -18.753

L 12.339 42.512 -7.288 -47.288

"-10.398 -72.982 51.465 31.915
-24.293 51.581 -63•.406 36.118

71.517 11.028 -61.626 -20.919

.-3.6.825 10.373 739567 -47,114

O.154 36.799 26,529 -63.483 -

-3.188 1.1411 -23,278 25,321
"-23.201 -7.339 -0.488 31.028

L 26.234. -30.604 .- 2.764. 7,134.

-3o4,h58 -4.2,005 -32,204 77,667-

-23.470 19.512 25.585 -21.626
L34  5,96L. 26.247 -36,690 4.479

L 20.964 -3.753 43.309 -60.521 J

The T conditional inverses are

0.035602 0.0 0.0 0.0

T(-1) = 0.014819 0.039005 0.0 0.0

1 L.024891  0,024891 0,048113 0.01
-0.035802 0.0 0.0 0.01

2 [o0.014240 0.039231 0,0 0.00i

-0.024579 0.024579 0.047308 0.0

-0.035853 0.0 0.0 0.0

3'= 001388 0.039518 0.0 J.0
L0.023376 0.023376 0,046752 0.0
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0*035802 0.0 0.0 0.01

'(-" ,,0,021,68 o0.008&9 0.0467 0.01
0.013268 0.0410089 0.0 0.0

Hence the super-matrix R consists of

Ri 1[ 0 00

11 ] R22 3R4
0.. 0 IJ

-0.005865 o.08132 0 o.0ooo-

R12- -0.003554 -0.018937 -0.011582
-0,oO37339 0.o0,7965 0.001943-.

-. 13,9114 0.067997 0.0665791

= 0 0049874 0.133985 0.091539

L 0.096872 -0.001381 -0l019569J

'-.004438 -0o077363 o.0o6031

R23 =-0.032536 -0,063223 -0.068813
L-.4.00284. -0.019118 -0,0229831

--0.013254 -0.109077 0.012789-

S -0.039442 0.022682 -0.083134
L 0.092277 0.034114 -0.088339-

Kr0.000198 0.052892 0-0758731
2= -0.004399 0.021178 -0.013933

-0.041965 0.007917 -0.011572

0.044383 -0.062021 -0.092759-

r4.-0.0 3 49 18 -0.005315 0.0071301

[-0.012554 0.023462 -0.077876j
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Through some initiallzation of the canonical weights

and the Fletcher-Powell method, a set of normalized canonical

weights is obtained,

1i = [ 0.920 0.210 -0.329)

i= = 0.219 0.854 0.470)

= [-0.710 0.492 0.502)

4 = L 0.215 0.975 -0.044]

and P with elements a! Ri•q equals

1.00000 0.06358 0.19486 -0.11623

0.06358 1.00000 -0.04882 0.02758

0.19486 -0.04882 1.00000 0.04619

L-0.11623 0.02758 0.04619 1.00000 J

By taking all elements positive, we obtain the inverse

of P as

1.05500 -0.05434 -0.19776 -0.11199-

-0.05434 1.00583 -0.03760 -0.01969
p-1= (6.4.2)

-0.19776 -0.03760 1.04146 -0.02409

-0.11199 -0.01969 -0.02409 1.01467_

and IPI = 0.939870
as in the previous cases, we calculate the canonical-partial

correlations.

For P12.341

S 0.957253 -0.005416 0.021044 -

=-0005416 0.964167 -0.00666E

0.021044 -0.006669 0.973430

-l --- _



120

0,011060881116 0.043467-

.12 0*007359 -0o004897 -09013"9

0.043187 0.047772 0.004041

o.982784 -0.001168 o.0oo141

R,2 -0.001168 0,989249 -0.003591

L0.000141 -0.003591 0.997012
1022080 0.0 0.0

T 01=/.005762 1,018420 0,0
-0o.02z248 0,006889 1.o13820

0.010402 0.000331 0.004984•

12 0000331 0.000279 0,000173
0,004984 0.00017.3 o=4o125

=)= 0.013164 = 0.114734

For p

0.978976 0.004380 0.001544I1 1
R = 0.004380 0.990508 -0.003621

L-0.001544 -0.003621 0.978542-4

-0.142043 0.073826 0.076331-

R 1 0.042719 0.132311 0.082712

0.092468 0.008985 -0.024865-,

-0.986434 -0.001441 -0.o008445

R L33 -0.001441 0.98821) -0.007i.8

L-0.OO8445 -0,000748 0.985059-1
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[ 1,.010680 0.0 0*0
(.1. 1.444790 0.0

oo001611 0.003702 1.010910

0032355 0.010070 -0.014801
13.2e 0010070 0.026772 0.003393

0.014801 0.003393 0.009617

P1 3, 24 =0/OmZ (U=3e24) u/0.04,337 = 0,208264

For P2 3 .1,4'

"[0.989519 -0.002900 -0.000169

22= _.002900 0.989652 -0.003969

L-0.oo0169 -0.003969 0.996284

0 0.003416 -0.078666 0.050938
3 o-0.023632 -0.066147 -0.073388

Lo.oo0oo -0,024379 -o .2o88

-0.955708 0,003819 0.003177-

R = 0.003819 0,976286 -0.015679
L3

-0.003177 -0.015679 0,980485-

TW") = 0.002946 1.005210 0.0

-0000183 0,004019 I 001870

0.008963 0.001513 0.0005491

U2 3 .14 = 0.001513 0.010817 0.003782

0.000549 0.003782 0.001m491

P23.14 = OChmvY(U 2 3 . 14 ) = 0.012828 = 0.113259
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"For P141. 2 ,

0.962255 -0.008770 0.010206]

R3 0 -o*o087o.0o970902 -0.00286|

0,010206 -0,002864 0*9862281

.[-oo081o 4 -0.121429 0.006,41

14 -0.032708 0.024110 -0.,07200

-. o0092943 0.03754 -0,082849..

0.996695 0.00045 -0.o001 7221

R4 0*005 0.992442 -0.007429

L-0.001722 -0.007429 0.97824O0J

1,14 0.00 0.0 1
r") [0.009250 1.014910 0.0

1-0,0106.54 0.002874 1.007010

0.015541 -0.003059 -0.006137-

U14.3= 0-000590.007154 0.004036

[-.00o6137 0.004036 0.0174161

=v h a(U14.23)= 0.024187 0.155521P14,23

For p24.13'

0,990316 -0.004398 -0.000835-
R2= -00004398 0,980284 -0.006593

4.000835 -0.006593 0. 9 9 6 92 8 J
-0.005357 0.050317 0.082929

R2= -0.011255 0.028891 -0.018434

L-o.o4161 o0,013146 -0.0121p41
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0.988692 -0'*°°W133 0.003997

R 44= -o0433 0.978641 0,001890

0.003997 0.001890 0.973226

r1.004870 0.0 010

T h 0.004486 1.010010 0.0

0.000874 0.006740 1.001560

-0.009762 0.000016 -0.000121-

u24. 1 3= L::000016 0.001354 0.001108

0,i002. 0.001108 0.002•21

p 0.0097635 =0.098811
P24.13 ýV a 2.3

For p34.,12'

R 0.000799 0.966448 -0.018627

0.005244 -0.018627 0.978744

-0.013308 -0.080585 -0.077975-

R34 = -0.030405 0.005383 0.022301

L-.oo.07823 0.029282 -0-0777011

-0.987970 -0.002779 o0oo01147-

R027 0.982688 002R44 = -0.002779 '.86800251

- [0004747 0.002651 0o978633]

-1.016350 0.0 0.0 I
T" = 1.017210 0.0

L~O005492 0.019490 1.,001100j
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0o.0±3389 -0.001878 0.0038765
U3,2= [-0.001878 0.001533 -0.001387

0.003876 .0.001387 0.0071704

P 4 .1 2 : (u , o.015622 = 0.124989

Hence the canonical-partial correlatIon matrix is

-1.00000 0.11473 0 20826 0.15552-

0.11473 1.00000 0.1132,6 0#09881i

0.20826 0.11326 1.00000 0.12499I 0.15552 0.09881 0.124-99 1.000001

We will find all of the canonical-multiple correlation

of each set vw the others:

Fc,'

1.234 12 22 12

F 0.052699 0.00567'•'- I1C,0)7

= .Z Z678 0o036o9w 0. co o .6
.- •0.0160 o. O.O6t;•f 16 ,;,,7

P.23.. Vh•4(V 234C (V 0.o6. 196

and th- zssociated ch aacr-eristic vector is

L 0.889/2,7 0 078(',), .(').I!4 56?_6

i , R
0" .019"T.5O 0.O014") "•;,')007o6

I 0.00AI71 (.021C'! ,, 07679

0.000706 0.(7t,. .;171 1

-i
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1Ch. 0•026699 = 0.163401

For p,.124'

V3. 124 1 = RI1 Rll R13

m 044884 -0.002606 ,,0.001:017

-0.002606 0.035029 0.017244

--0001367 0.017244 0.028365 J
P314: C~h =V(V0506) 0.225145

and the associated characteristic vector is

L-0.444899 0.695402 0.564339 )
For P4.,23'

V4.123 = R14 R11 R14

0.013239 0.003462 -0.003724 1
: 0.003462 0.024959 0.001623

-0. 003724  0.001623 0.034200

P'4.123 Ohrmax(V4. 12 3 ) =J0.034951 = 0.186952

and the associated characteristic vector Ls

S0.151437 0.170171 0.982639

Therefore the inverse of P iS

1.06529 0.12003 0.22062 0.16340

1 0.12003 1.02743 0.11783 0.10195

0.22062 0.11783 1.05339 0.13059

0.16340 0.10195 0.13059 1.03621

and
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1.00604 -0.08365 -0.18560 -0.12702

1-1 = -0.08365 1.00022 -0.08513 -0.07449

.0, 18560 -0.08513 1.00879 -0.08949I -0.12702 -0.074o119 -0.08949 1.00368

anA IP! 0.93001

compare with (6.4.1) and (6.4.2) again the approximation is

q~uit;e close.

For the reduction to the categorical weights for E

:iatrix, from Fletcher-Powell method we obtain a set of nor-
malized nanonical weightst

a!' L 0.920 0.210 -0.329]

j = [ 0.219 0.854 0.470]I; = L-0.710 0.492 0.502]

A = [ 0.215 0.975 -0.044]

and the marginal totals for each set area

[1100 1060 895 835]

n = [108O 1020 930 860]

= [1075 985 915 915]

D4 = l1O8O 930 985 895]

the grand total n = 3890.

The sets of categorical weights for the entire E matrix

are therefore

= [ 1.465660 -0.259803 -1.2500110 -0.261131]

-2j = 0.353890 1.196350 -0.Z28598 -1.616140]

we = [-I..19300 1.228670 0.746598 -0.718985]

1,4 [ 0. 3 1!,7959 1.498080 -1.0011:i0 -0.874771]
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6,5 A Validation Study

Five hundred observations were generated, random normal

numbers from a tri-variate normal distribution. Uncorrelated

random normal numbers were multiplied by the triangular

matrix

1.0 0.0 0.0-

0.8 0.6 0.0

0.0 0.6 0.8

thus, the sample is from a normal distribution with mean vec-

tor 0 and varinnce-covariance matrix

1.00 0.80 0.00

0-8 10 0.361
0.00 0.36 1.oo

Each of the three variables was divided into four slices

Y1I < -0.7 , -0.7 to +0.3 , +0.3 to +1 ,> +1

The first category was given the valuo 3, the second wPs

given the value 4, the third was given the value I and the

last was given the value 2. Thus, the expected value under
-zi

the slice "3" ( < -0.7) was I where is the ordinate

under a stand nornial at x = -0.7 and fl i. the cumulative

distribution function of the standard norial at x = -0.7.

For the next slice "4", the expected value ic f " f

where 22 and f are ordinate and area for x = +0.3 (the

second partitiorn). Sirgilar partitions wer, made for the other

tvco random v, .1,h, ,... resl3ltE, art
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Table 6.5,1
Categori3s and Expected Values

Y1 (levels) 3 4 1 2

Slice <-0,7 -0.7 to 0.3 0,3 to 1 > I

Expected 1-1.290 -0.184 0.624 1.525

Y2 (levels) 1 4 3 2

Slice <-1.1 -1.1 to 0 0 to 0.5 > 0.5

Expected -1.606 -0,497 0.244 1.141

Y3 (levels) 2 3 1

Slice <-1.2 -1.2 to 0.3 0.3 to 1.2 > 1.2

Expected -1.687 -0.372 0,701 1,687

Contingency tables were obtained and entered into the

program for categorical scalings A1, A2 , A3, A4 corresponds

to levels 1, 2, 3, 4 of Y1! B corresponds to Y2 and C corres-

ponds to YyV

Table 6.5.2

Al A2  Al A4
B - -- - B, B B. 13 -1 B

- I' '3 ?~j4 BlI 2Tkh3!"4P1"2- IP I 2B1B 3 B4
C 0 2 3 3 018 0 017 I o12 2 1 611

C2  1 2 5 10 1 3 1' 213 o 0 2 5 0 118

S1 18 19 7 0 30 91 337 01 029 9 2 30 57

01.... 0 0 10 0i 01 3 011• 010 8 5C4 Ol__ .11 1 0d ..1
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We have three two-way tables a

Table 6.5.3
A vs B

A1  A2  AL Sub-total

B1  2 1 60 16 79

B2  62 61 1 18 142

B3 28 10 2 53 93

B4  30 5 60 91 186

Sub-total 122 77 123 178 500

Table 6.5.4

Avs C

A, A2  • A4 Sub-total

Ci 34 18 30 33 115

C2  18 ? 15 24 64

S 55 42_ 66 90 261

C4 15 10 12 23 60

Sub-total 122 77 123 17? 500

Table 6.5.5
B vs C

BI B2  B _ Bh Sub-total

C1  9 43 17- 3" 115

C2  2C 5 7 32 64

C 47 50 58 .06 261

c 3 134 60

Sub-total 79 1132 ,3 '/. 500
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The E matrices are an follows a

92.232 -18.788 -30.012 -J43,432

-18.788 65.142 -18.942 -27.412

11 -30.012 -18.942 92.742 -43.788

:-43.432 -27.412 -43.788 114.632

- 66.518 -22.436 -14,.694 -29.388

-22.436 101.672 -26.412 -52.824
"N2 2  -14.694 -26.,12 75.702 -34.596

t-29,388 -52.824 -34.596 116.808 4

88.550 -14.720 -60.030 -13.800

-14.720 55.808 -33.408 -7.680

33 -60.030 -33.408 124.758 -31.320

1-13.800 -7.680 -31.320 52.800

-17.276 27.352 5.303 -15.384

-11.166 39.132 -4.322 -23.644

El 40.566 -33.932 -20.878 14.244
_-"12.124 -32.552 19,892 24.784 --

"5.940 2.384 .8.684 0.360

0.290 -2.856 1.806 0.7620E13=
1. 71.0 -0. 744 1. 794 -2. 760

_ 7.940 1.216 5.o,) 164

-9-9170 9.888 5.762 "6.480 -

20-34o -13-176 -24.124 16.960
E23 = -4,390 -4.904 9-454• -0.160

..- 6.780 8.192 3.908 -10.32o.
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The T conditional inverses ares

r 0.104126 0.0 0.0 0.01

'JI-o o02-015 0o127707 oo 0.0

L0.047914 0.047914 0.117252 0.0

0.122611 0.0 0.0 0.0

T(') = [0.034768 0.103084 0.0 0.0

0.042333 0.042333 0.127000 0.0

-0.106268 0.0 0.0 0.0

T('I) = 0.022757 0.136895 0.0 0.0

H 0.116410 0.116410 0.143171 0.0

Hence the super-matrix R consists of

'1 0 0

-- o0220563 0.231044 0.114.6081

R12  ..0.229946 0.523304 0.109727

1 0.416104 0.036240 -0.1911803 I
0.065728 0.048057 -0.028562]

R1 3 = 0.020357 -0.037081 -0.12262 1
0.053028 -0.003682 0.028235-4

_ý.119482 0,140382 0,1113961

SR2 3 =10.188935 -0. 098413 -0.2 3 M'%,2

1. 0.008997 -0,106240 .-0,o379"2

Irn order to initializethe !,eraLive minimum-determinant

solution, we find the caronical-mnultiple correlations of each

set vs the others combined.

I
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For P
* *-

1,23 =R 12 R22 R12

r 0.132787 0.201982 -0.111764 1
"0.201982 0.379307 -0.118215

-0.117641 -0.118215 0.229624

23  Chm(VI. 2 3 ) =V°".56945° = 0.754619

and the associated characteristic vector is

[ 0.471882 0.769173 -0.430927]

For p

V2 .1  R1 2 Rll R12

S0.318682 -0.209537 -0.148678 1
-0.209537 0.414171 0.091512

L -0.148678 0.091512 0.075762 J

P2, 1 3 =vChmax(V2 . 13 )/= 0.630610 = 0o794109

and the associated characteristic vector is

C-0.624674 0.726168 0.287158)

Forp 2FrP3.12 '3* *1*

V3. 12 = R1, R 13

F 0.085558 -0,065363 -0.092459 1
-=j-0.065363 0.081871 0.078239

L_-0.092459 0.078239 0.115964

p3.12 = Nýrnax (V3 2) VO.254623 0.504601
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and the associated characteristic vector is

0 0.556117 -0.508234 -0.657594)

After 14 iterations by the Fletcher-Powell method we

obtained the !Minimum-Determinant Solutions

al = [ 0.470 0.776 .019]
= [-0.624 0.726 o.286]

3L = L 0.545 -0.526 -0.651]

The marginal totals for each set are:

1{ -[122 77 123 178]

7 79 142 93 1861

n [115 64 261 60]

and the grand otil is n= 500.

JRe-trans2.tin- these into original. weightp we obtain

, [ 0.828 1.495 -1.370 -0.269]

(Expected value) =[ 0.624 1.525 -.1.290 -0.184]

= [-1.441 1.380 0.249 -0.566]

(Expected value) =[-I.60 1.141 0.2101 -0.497]

Y31 0.9911 -1.643 -0.421 1.667]

(Expect.,r)i raliue) t-[ 0.',0 -1.687 -0.3'" 1,687]

It is thr-, seen th''+ the theoretical valhiur w,,ere quite

adequately rep:roduced from the, categorized dat-a only, even

though iýhe lat ".er wece c, i:,rdti eii.

The corre r4 j on, x oj),) ,e m nh( slco-'cs,

and the contin oe:,, ib" , 6, 6c r. ,nd 6.i.5 is



13$[19000 0.712 0.0381

0.712 1.000 0.,380

.0o38 0.380 1.000

The P1 3 and P 2 3 values are quite adequate approxima-

tions to the true covariances.

P r >O0o381 p=o 00,603
P r >o0.3801P= 0.36j 0.695

(from exact distribution of r 2 )

However, the 0.712 value is too low

PIr<O.7121p= 0.8 1 < 10-4

If the vectors wl and wj are replaced by the vectors of

expected values, the resulting correlation between the A-set

and the B-set is 0.7036, even less than the 0.712 obtained

from the minimum-determinant solution. Hence the significant

reduction of the high correlation is due to replacement of

the continuous variables by four points, and not due to the

method of analysis.

6.6 Comparison of Initial Trials

1. For the case (3 x 3 x 3)

4.2(2) 4.2(4) 4.() .

-0.23586 0.05636 0.01026 0.0547

0.97179 0.99841 0.99995 0.998

0.90665 0.91953 0.92686 0.929

-0.42188 -0.39303 -0.37540 -0.369

0.89415 0.87451 0.87617 0.856

0,4477u 0,48501 0,4!"j,.)9 0.516
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2. For the case (2 x 5 x 2) 1)
4.2(2). 4.2 (4) 492 (5) 4.3 1

1.00000 1.00000 1.00000 1.000

0.36902 0.44386 0.50172 0.501

o.62149 o.61376 0.59852 0.598

0.47613 o.49616 0.51773 0.517

0.47981 0."439 0.34919 o.349

1.00000 1.00000 1.00000 1.000

3. For the case (4 x 4 x 3 x 3)

4,.2(2) 4 .2(4) 4.(i)_ 4.3

-0.51993 -0.53287 -0.5347( -0.531

0.62955 0.62204 0.62223 0.619

0.57807 0.57367 0.57166 0.577

0.56258 0.55387 0.511352 0.561

0.80269 0.80935 0.81664 0.804

0.19798 0.19539 0.19414 0.192

0.93833 0.93138 0.91879 0.946

-0.34573 -0.364o4 -0.39474 -0.321

0.96108 0.94873 0.94599 0.958

0.27627 0.31609 0.32417 0.284

1) 4.2(2) - Avora-e canonical scales.
4.2(4) - ,',uJ.tip'le regrression wejghtue.,
4.2(5) - Cpnonical-multiple corrolaeior.o as weights.
4.3 - Itinimum-doterminant solution.



136

FI .Por the case (4x'&x4.x4)
~h . 2 l:(2) . 4I.2(4), 4.2(5) 4..3

0.68971 0.70033 0.88973 0.920

0.43353 0.60842 0.07887 0.207

o.57996 0.37332 -0.44963 -0.331

o.68228 0.65639 0.50835 0.222

0.70489 0.72649 0.80568 0.852

0.19469 0.20338 0.30408 0.472

0.24854 -0.02083 -0.44489 -0.711

0.69108 0.71414 0.69540 0.491

c.6787o 0.69968 0.56434 0.501

-0.12662 -0.18807 -0.15144 0.211

0.11516 -0.02826 0,10717 0.976

0.98524 0.98175 0.98264 -0.046

5. For the case (4 x 4 x 4)

4.2(2) L. 2(4) 4.2 _3

0.85941 0.24705 0.47188 0.470

0.51110 0.78577 0.76917 0.776

0.01350 -0.56704 -0.43093 -0.419

-0.59666 -0.61489 -0.62467 -0.624

0.76332 o.74052 0.72616 0.726

0.24764 0.27117 0.28716 0.286

0.30079 -0.80374 0.55612 0.545

0.81332 0.16229 -0.50823 -0.526

0.49802 0.57241 --0.65759 -0.651
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For comparison between various forms of initial solu-

tions with the best (canonical-mulitple correlations) initial

solutions, the (4 x 4 x 4 x 4) study has been chosen:

With permissible errors EPS = 10-3

(1) Initial weights are all 0"0

20 iterations to obtain convergence and the

normalized canonical weights are

[ 0.920 0.212 -0.328]

[ 0.221 0.855 0.469]

1-0.709 0.494 0.502]

[ 0.216 0.975 -o. o4o]
(2) Initial weights are all 1.

0 iterations to obtain convela';ence and the

normalized canonical weights are

[ 0.917 0.222 -0.329]

[ 0.245 0.848 0.468]

[-0,709 0.498 0.499]

[ 0.196 0.980 -0,024]
(3) Initial weights are all 200

122iterations to obtain convergence and the
normalized canonical weiGhts are

[ 0.896 0.417 -.0150o
L 0.796 0.470 0.382]

[-0.598 0.676 0.429]

[ 0.060 0.927 0.368]
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Notea If EPS = O and the initial weights are either

all 1.0 or the multiple-regression weights, after 110- itera-

tions, the limit set by the computer program, no convergence

can be obtained.

It is noted that, in every instance, the canonical-

multiple correlation weights (each set against the totality

of the others) gives a very good approximation to the final

minimum-determinant solution.

When the relations between the categorical variables

are strong, the multiple regression approch, based upon pair-
wise canonical correlations is also quite useful (section 6.6).

However, since it is easier to obtain canonical-multiple cor-

relations there is really no reason for using this kind of

initial solution.

The unweighted average of canonical correlations are

useless as initial solution.

In conclusion it can be said that the canonical-multiple

correlation weights appear to be so good that iterations to

the minimum-determinant solution would be required only if

unusualiy high accuracy is desired; this would be the excep-

tion in categorical data analysis.



CHAPTER VII

SU!ARY AND CONCLUSION

A generalization of the Fisher-Lancaster technique

for scaling pairs of categorical variables has been studied

in considerable detail. For the reason stated in CHAPTER

III, R.G.D. Steel's criterion of a minimumn.determinant

solution was adopted as an optimal criti~r" n. The solutions

satisfying this criterion have been comnparid with various

approxi mations, includingo

(1) Averages and weighted averages of canonical vectors

obtained by pairing each set with each other set;

(2) canonical vectors obtained by pairi•,, each set v'ith

the totality of the other sets;

(3) canonical-partial and canonical..multiple correlations

being used to construct the inverse of a correlation

matrix of tne derivcd scaleL,;.

Of the three methods, the second is the least time-consuming,

and also consistently the best. It is so ,,ood, in fact, that

for all practical purposef. iteration to a miniurum-determinant

solution is unnecessary.

It is thus proposed that categorical scaling of k

responEse variables be conducted a,; fu.ioovs

(. ) From the k-dirneisional contingonccy table construct

a super-7r2trix !¾,, as described in section 4.1.

130
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(Computer program C-E-R in Appendix A2).

(2) Obtain conditional inverses of pseudo-triangular

matrices Ti (TiTj =Ett) as explained in section
*.1.

(3) Obtain a super-correlation matrix whose submatrices

are = and Rii 1=. (Also

performed in the computer program C-E-R).

(4) By pairing each set with the totality of the c.ther

sets, obtain "canonical-multiple" correlation and

the characteristic vector associated with each.

These are, for all practical purposes, the canonical

weights from which the categorical scales can be

obtained, as described in section 4.2.1.5 (For

detailed description see illustration and the

computer program CPCM in Appendix D).

(4b) If high precision is desired, use an iterative

method such as the Fletcher-Powell method to obtain

canonical weights that satisfy the minimum-determinant

solution (see description in section 4.3 and the

computer program FPM ia Appendix C).

(5) By inverting the process in (3), and using the

canonical weights (4) and (4b), obtain scales for

each categorical variables Standardization in such

a way that, in the original set, the scaled responses

would have mean zero and variance one is desirable
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(see section 4.4 and the computer program RTE in

Appendix E).

It is not claimed that the foregoing studies set to rest,

once for all, the problem of multi-dimensional categorized

scaling. Other criteria generalizing canonical correlations

will probably produce somewhat different results. However,

the close proximity of an ad-hoc result (canonical weights

of each set vs. the totality of others) and a maximum-

likelihood result-(minimum-determinant solutions) seems to

indicate that, whatever future improvement will be found,

it will produce only slight changes of the final scales.

On the other hand, simple averaging techniques, which

have been repeatedly used in the literature# often produce

quite different results. If some author can find some method

for determinimg weights by easier means than characteristic

roots and vectors of relatively small matrices (4 by 4 for

5 states), and if these weights approximate ours in many

different situations, his method should surely replace the

five steps recommemded in this summary.

• • ''• °• ... .. 4 ' • ..•, • • , •|•'.lm ' f...... ..l,• -d '"• •• r.• •.... .• •.. ..l " .......It iL."" •'..... ' •-: " .. ..i .
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The control cards for the computer program as follows
lot card. in FORMAT( 612 )

Col. 1- 2 ND- No. of levels of the 1 response variable.
Col. 3- 2 ND2- No. of levels of the 2 nd response variable.

Col. 5- 6 ND3- No. of levels of the 2rd response variable.

Col. 7- 8 ND4- No. of levels of the 4 th response variable.
thCol. 9-10 ND5- No. of levels of the 5 response variable.

Col.11-12 NVAR- No. of sets (response variables).

**Notes The omitted response variable is set to 1.

2nd card: in FORMAT( 412. 514 )

0ol. 1- 2 IDX1- Level of the 1st factor (row number).

Col. 3- 4 IDX3- Level of 3he 3rd factor.
Col. 5- 6 IDX4- Level of the 4th factor.
Col. 7- 8 IDX5- Level of the 5 th factor.

Col. 9-28 Cell frequencies for the levels of the 2 nd factor.

Col. 9-12 (IDX1, 1, IDX3, IDX4, IDX5)

Col.13-16 (IDX1, 2, IDX3, IDX4, IDX5)

Col.17-20 (IDX1, 3, IDX3, IDX4, IDX5)

Col.21-24 (IDX1, 4, IDX3, IDX4, !DX5)

Col.25-28 (IDX1, 5, IDX3, IDX4, IDX5)

***Notea This layout is chosen since most user will think

of a contingency table as a two-way table of rows

(factor 1) and column (factor 2). The levels of

the other factors (3, 4, 5), if any are kept

constant.
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.OLTPUT i
-Vrite the intermediate information on TAPE 10, the

-temporary data set needed for the following computer program.

a.I Initial estimated and approximated weights.

b. Fletcher and Powell descent method.

c. Canonical-partial and canonical-multiple correlations.

d. Reduction weights for the original E-matrix.

The following records are stored in TAPE 10i

1 st record, in FORMAT( 215, 2E20.6 )

N- Number of variables (N=NDI+ND2+ND3+NDj-+ND5-5).

LIMIT- Maximum number of iterations.

EST- Estimated minimum value of the given function.

EPS- Permissible error.

2 nd record, in FORMMAT 612 )

NSET- Number of sets.

(NRST(I),I=1,NSET) for N1,N2, N3, N4, N5.

(Nl=ND1-1, N2=ND2-1, N3=ND3-1, N4=ND4-1, N5=ND5-1)

3rd record, in FORMAT( 4E20.6 )

(X(I),I=1,N) the canonical weights

a. In C-E-R , the assumed canonical weights values

will be stored.

b, In ICW, the assumed canonical weights will be

replaced by the estimated or approximated weights

values.

c. In FPIE, the normalized canonical weights will

replace the previous data.
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OUTPUT,

Write the intermediate information on TAPE 10, the

temporary data set needed for the following computer program.

a. Initial estimated and approximated weights.

b. Fletcher and Powell's descent method.

c. Canonical-partial and canonical-multiple correlations.

d. Reduction weights for the original E-matrix.

The Following records are stored in TAPE 10a

1 st record, in FORMAT( 215, 2E20.6 )

N- Number of variables. (N=NDI+ND2+ND3+ND4+ND5-5).
LIMIT- Maximum number of iterations.

EST- Estimated minimum value of the given function.

EPS- Permissible error.

2 nd records in FORMAT' 612)

NSET- Number of sets.

(NRST(I),I=I,NSET) for Ni, N2, N3, N4, N5

(N1=NDI-1, N2=ND2-1, N3=ND3-1, N4=ND4-1, N5=ND5-1)

rd
3 record: in FORMAT( 4E20.6 )

(X(I),I=I,N) the categorical weights

IJ
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4th records in FORMAT( 518 )

(NT(IJ),J-INRST(I)),I=INSET) the marginal totals

for each set.
5th record, in FORVIAT( 18 )

NTAL- The grand total of the contingency table.

6 th records in FORAIAT( 212, (5E20.6))

ND,MK, ((T(J,K) ,K=1,ND),4=1,MK) The conditional inverses

of Ti, i = I, 2, 3t 4, 5a

7th records in FORMAT( 4E20.6 ) .°. as many as needed.

All rank reduced submatrices of the super-matrix R,

stored in column-wise, i.e. R11 , R12 , R2 2 , R13 , R2 3,

R33y R1, R24' R34 , Rl44 R1 5, R25' R 435 ' R5 R55.
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COMPUTER PROGRAM FOR CONTINGENCY TABLES

TO E TO R MATRIX

"C - E -R"

152

i
4' , , '-••.....•• , "'- '•• • u '•• • " ''•: - • •'' i• | • i I . . .

' -.
f . ,- -• 

• • . •T • •• •• ,•.••j....m'•:• .. ! .... . . .



153
CCCCCCCCCCCCCCCCCCCCCC=CCCCCCCCCCCCCCCCCC=CCCCCCCCCCCCCCCC==CC
C THE TEIIPORARY STORAGE IN TAPE
C
C
C TAPE 10- STORE THE FOLLOWING INFORMIATION FOR THE FOLLINOMG PROORAMS a

C 1ST RECORD -
C wSTORED IN FORflAT(212.2E20.S)
C N - NO. or CATEGORICAL WEIGHTS.
C LIMIT - MAXIMUM NO. OF ITERATIONS.
C EST - ESTIIIATED fNIfIIfINfJ OF A GIVEN FUNCTION.
C EPS - PERNISSABLE ERROR.
C
C 2ND RECORD -
C •STORED IN FORnaTvI2m)
C ONET - NO. OF SETS.
C lNRST(I),Isl.NSET) - FOR Nl.N2.N3.N4,NS.
C
C 3RD RECORD -
C xSTORED IN FORHAT(4E20.6)
C (X(I).I:I.N) - THE CATEGORICAL WEIGHTS FRON THE 'FLETCHER INITIA
C PROGRAZ. AND WILL STORE THE RESULT FROM THIS PROD
C
C 4T" RECORD
C aSTORED IN FORHATISIS)
C (NT(I.J).J:l.NRST(I)). IslNSETS)
C- THE MARGINAL TOTAL OF THE CONTINGENCY TABLE.
C
C 5TH RECORD
C uSTOREO IN FORIAT(IS)
C NTAL - THE GRAND TOTAL OF THE CONTINGENCY TABLE.
C
C 6TH RECORD -
C vSTOREO IN FORMAT(212,(SE20.6))
C NO,11K, (((T(I.JK).K:I.ND).J=I.K)l.IlNSETS)
C- THE CONDITIONAL INVERSES.

C 7TH RECORDS~C
C mSTOREO IN FORHAT(4E20.6)
C ALL R MATRICES FRO" THE 'CONTINGENCY TABLE TO E TO R' PROGRAM.
CSCCCCCCCCCC.CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC
C

C THIS IS THE MAIN PROGRAM FOR DIRECT CALCULATION OF R-MATRIX.
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCeccccccc•CnccccCCCCCCCCCCCCCCCCCCCCCCC

C
C THIS I MAIN CALLING PROGRAM TO CALL ALL SUBROUTINE AND FUNCTION
C 6UBPROGRAM$ TO READ A CONTINGENCY TABLE UP TO S LEVELS INTO A SIN
C ARRAY.
C 7"E INPUT-CARD FORMAT is AS FOLLOWII9.
C RESPONSE ON LEVEL I (ROW NO.) ON COLUMN 2,
C RESPONSE ON LEVEL 3 (NO. ON 3RO LEVEL) ON COLUIN 4.
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C RESPONSE ON LEVEL 4(NO. ON4TH LEVEL) ON COLUMN So
C RESPONSr ON LEVEL 5 (NO. ON 5TH LEVEL) ON COLUIMN Of
C SET 4TH APO 5TH LEVELS TO Is If ONLY 3 VARIABLES.
C SET 5TH LEVEL TO 1. IF ONLY 4 VARIABLES.

ACODNCORHUS AAFOITECNIGNYTBCIT
C THE 1FREGUENCES WILL BE@

C VE'"tENTS)e COL~l) ON COLUMN 12. COL(2) 0N COLUMN 16.COL13) ON COLU
C f.OLC 43 ON COLUMN Z4. COL(S) ON COLUMN 26.
C ROL IS NUMBER OF DISTINCT RESPONSE FROM 1ST LEVEL.
C 002 18 NUMBER or DISTINCT RESPONSE FROM 2010 LEVEL.
C N03 IS NUMBER oF DI6TINCT RESPONSE rRON 3RD LEVEL,
C N04 16 NUMBER or DISTINCT RESPONSE FROM 4rh LEVEL.
C NoS is NUMBER oF DISTINCT RESPONSE FRO"l 5TH LEVEL*

C THE OMITTED LEVEL IS ALWAYS SET TO I.
C NYAR IS THE NUMBER oF LEVELS.

C
C

INTEGER OUPIJY
DIMENSION ISET(4),iFR(5)
DIMENSION AR(31251
COMMION EE(15.5).NT(5*51
COMMNON NO1.N02.N03.N04.N05.NVAR.oUPUT.NKdI.K2.NK3.flK4.NK5.DZ.IENOa

IEt 154.5.53
REMJIND 10
INPUT a 5
OUPUT =
01:0 .EO
READI INPUT.101 I N~l .N02.NO3.ND4.N05.NVAR

101 rORMAT(612)
WRITE( OUPUT,42101

4210 FORIIAT~l1II!///T35o32HTHE CONTINGENCY TABLE INPUT DATA
WRITE( IOUTo4201 3 NVAR.NDI.N02,ND3,N04oN05

4201 FORMRTC1h0///,*T10.Z9ttTtE NUMIBER OF SETS INCETS) -- .I6//T1D.47HTH
IE NUMBER OF RESPONSES CF rIRGT LEVEL (N01) = .I5//TlO#4811T1E NUMB
2ER OF RESPONSES OF SECOND LEVEL (N02) a #15//T10.4711T1E NUMBER OF

4NSES OF FOURTH LEVEL (N04) = *I5//T1O.47IiTtE NU"OEIR OF RESPONSES REPN0 FTIDLVL(13 1/TO4HH UIE FRS'
5F FIFTH LEVEL (NO5) = .15)I ~NTRL=NCI mNO3uNO4nNDIF
I4RITE(OUPJT .4205)

4205 FORI1AT~11H//T15. 17HCCNTINO'ENCY TABLE J
WRITE(OUPUT.4209) NOZ

4208 FORIIRTI 1H0.TIO,5X.5tLEVELSX.5HLEVEL.$XSX.HLEVEL.3X.5IILEVEL.7X.5HLE

212011")
I4RITE(OUPIJT.4214)

4214 FORIIAT1 N*l1OHmuhuuuuuuuummuumsummmmmm

00 10 Iinl&NTAL
REAO(ItIPUT.102) (16ET(JA),IA:1.4).LIFR(IB).J8m1.N02)

102 FORNAT1412.514)

t,& A



I ~NRITE(OIIPITe4Z00) (ISETC1).Iml.4)e(IfR(1Bt3.luseoN02)
- 4200 fORftRT(lHO.TIO,416.5I123

00 s0 ju1.NOZ1~ LI=LT(ISETCSI;J.!6ETCZ);LSET(3).ISET(4)3

Ii 10 CONTINUE
NNTAL=NTALnNO2

110 ORIIAT(1H1.T10.S6HTHE SINGLE ARRAY //(T1O*SEZ0.63)
I CALL PARTACRR.E.IEN03

CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCICCCCCCCCCCCCCCCCCCCCCCCCc

CTHlE PARTA SUBROUTINC I5 TO PLACE THE SINEGLE WRAY DATA AR INTO THE
C MATRIX* AND MAPNIPULATE TO FINO THE VARIAHICE-COVARIANCE HAiRICES.

C

1101 CALL LINNA
1200 CALL EXITV ENO
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SUBROUTINE FARTACAR.E.ILND)

CCCCCCCCCCCCCCCCCCCCCC cccccc ccccccccccccc-rc-c-ccccccccc=ccccCCCCCCCCCcc
CTHIS PROGRAII IS TO P'LACE THE SINGLE ARRAY AR INTO E nTrnIX WHICH I

C THE rTSII Or E(K.IS.IC).
C Kale Ell. Kut E12. KUS. Efs V:4 E13. KUs
C Koo ES!. K=7 C14o XU9 E24o K%9 E34, K=30
C Kull Else 11.12 C!!. K=13 E35. 11.14 E45a K=15
C ANO THEN THE VARIANCE-COVAR LANCE MtATRICES ARE CALCULATED.
C
cCcccCCCCccc= CCCCCCCCCCCCCCCCCCccCCcCCCcCcc =CCCCcccccccCcccCCCCcCCcCCCCC

INTEGER OUPUT
DIHENSION NDDLE).IX(5).AR(3125).E(15.5.5).RSWI(S).CSUN(5)
ComIo" EE(15.5)ONT(5se)
COIIION 10 N02.NOS.D~N04.NO5dPVAR.OIJPUT.IIKI .fKZ.NK3.HK4dIK5oDI

IFINVAR-2) 10.11.10
10 IF(NVAR-3112.13ol2
12 IF'(NVAR-4) 14.15144
11 lEND:!
100 TO 16
13IENO:S

[15 IEND2lO
10CONTINUE

14 CONTINUE
NOO( I)=NDI
NDO(2)=N02
000010)~03
NDO(t4)=ND4

Ii 00 17 K=1.IENO
00 17 I1,5
00 17 .Jz1.5

00 20 JA=1.NVAR
00 20 J~n! .JA
K+11
I1:NGD(JA)
00 30 IAML.!!
12:NO(qje)
0o 31 38.1.12
CALL flAT1L.JA#JB.NODDIX)
1301X(1)
14U1X(r)
I5xIX(3)
I0:IX(4)
noQ 31 ICUl.!3
DO 31 1001.14
DO 31 IE=1.15
00 35 IG10.36l
IFtJA-JB) 36.37,30

37 GO TO (SC.36.98,36.36.06.36.36.36,96.36.36,36.36.J8).K

I ____J
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98 CALL T(I.5Id.E1.ARK
3S CONTINUE
56 0010O £90.97,99.97.97.99.07.97.97,.9S.87.9o7o.97.0?.).K
99 CONTINUE

0010O51
97 CONTINUE

CALL NAT3(IA.18oICo10oIE.IOG.EoAR.K)
31 CONTINUE

1F(JA-JB) 30494.0
30 CONTINUE
38 CONTINUE

0O TO (90,91.90.91.91.80,9911.9l,90.91.91.9l.9l1.903.K
90 CONTINUE

CALL MAT5( 12.11 .E*DIRSUII.K)
CALL NATS( 12.11 .ZE.R6U".CgtMfl.K
00 TO 89

91 CALL NAT4( 12.I11 Eo0ZoKoCSUII.R6W1)
CALL PLACE( 12.I11 CSUfl.RSUII.NT.JA.JB)

09 CONTINUE
Z0 CONTINUE

CALL JDEX( NOD NT .OUPUT .NVAR)
NRITEC CUPUTdO041

104 FORflATIItl)
CALL OUPTAME
RETURN
END



CTO PLACE THE MARGINAL TOTAL 1.8 AN ARRAY AmI raP THlE GRAND TOTALSUBROUTINE 4IOEX LNO0da.rTIurTy,NV
GIMENGIOp NOD(S) .NT1595)
INPUT a 10
00 10 jaul ONVAR

UNITE(IOUTelOZ) JA
iot rOR AT(///TIOjs5HT~f MARGINAL TOTAL OF SET .13)

ORITE(IOUT.1o1) (NrHJR.J3.Jx1,Ifl
101 FORhAT(Ik0.y1O.5110)

MRITE(INPUT,1031 (NT(JA*J)#Jz1.IAl
103 rORtMAT(515)
10 CONTINUE

NYAL u 0
Ja a NOOM1
DO 12 I=1.JS

12 NTAL aNTRL + N1(11I)
IIRITE( IOUT*105) NTAL

105 FORlATIIO.IOl171,THE ORONO TATOL .110)
NRITE( JNFUPIJT1) NTAL
RETURN
ENO



SUBROUTINE PLAcCE(12, 13,CSUNoRNoNT*JfloJBJ15
DJNENSION cU()RUf5.T55
00 11 K61.oI3

11 N11jAASJm z CSUfi(KB)
00 14 NBalelt

14 NTIJU.E)x lHW
10 CONTINUE

RETURN

END

SUBROUTINE INATIIJAoJB.NDO.IX)
DIRENSION NOD(S)A.X(s)

00 41 MIPS.
42IF(KX-JA) 42.41.42
42If(KX-JB) 43,41.43

43 IX(flX)xNOD(KX)

41 CONTINUE
RETURN
END

SUBROUTINE MRT2M A.IB.IC.IO.Es1GoEMAK)
INTEGER OUPUT
OINEMSION Al(312S).E(15S..5
C'MNON EEt15,5)#NT(5.51
COMANO NlOI .O2.ND3.N04.N05.NVAR.OUPUT.flKl .HK2.NKS~fK4.NK5.DZ
00 T0C81.99.63.S9.98.66.99.S9.99.70.99.SS99.998.753.N

6t LXxLT(l18dC.IO.1E.IG)
D0 TO 600

63 LX=LTtUC.I8@ID.IE.IG)
00 TO 60

66 LX=LT(IC.1O.IB.IEeIG3
00 TO 80

70 LX=LTlCIC.IO.E.I6.I0)
GO TO 00

75 LX=LT(ICIo.0IE.IG.I8)
00 ECK.IB.I8)=ELK.18@1IB)*RR(LXl
99 RETURN

ENO



160

SUBROUTINE flRT3(IA*IB.IC#10o.EIsE.1BARvK)
INTEGER OUPUT
DIMIENSION AR(31253.Etls.6.5)
COMMtONd EE(15*5)*NT(S.SI
COMMON NOI .NG2.NO3.NO4.NO~5.NVAR.oUPUToNfl oKE 912NK3.11K4.flK5DI
GO TO (99.62,98.64.65o99.67.68.69.99.71,72.73.74.993.K

62 LX:LT(IB.IAoIC.ID.IE)
G0 O 176

64 LX=LT(18.IC.IA*1D.IE)
GO TO 76

65 LX=LT(lC1C.IB.A.1I0E)
- 00 T076

67 LX=LT(1B.IC.WD.IA.IE)
00 TO 76

GO TO 76
69 LX=LT(IC.1O.IB.JR.IE)

00 TO 76

71 LX=LT(I.C.l5.o.IE#IA)
GO TO 76

73 LX=LT(IC,10o18.IE.IA)
00 TO 76

74 LX=LT(JC.1CsZE@J8.lA)
7S E(K.Ze.1R,=E(Kol8@ZA)+AR(LX)
99 RETUR1N

END
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SUhROUTINE fflT4E IZ.13oCoDZKoC6UEI.RS1JN
INTEGER OUPiJY
DUI1Et6JON V(150S.53.CSUN(S3.R6WU 53
OUPUT a 6
00 51 Mal.At

00 51 KB21813

51 RSUNflh3=xRSUN(Mi)+E(K.NB.KB3

00 52 KB=1*13

00 51 M¶81012
52RSUII(K8O =OZ"KJE(#oB

00 53 K~ul#13
51 RSNflhB)=SUfl(flB)E(.IK

RETURN
END

SUBRUTIE MA51IoI3E,0ZRS~f*I



SUBROUTINE IIAT6I IZ.I3.OZvEoRSUII.CSUN.K) 162

DIIIENSWON E( 15.5.5) .RSUfl(S).CSU115)
COMMION EE( 35.5)
00 52 118=1.12
00 52 1(8=1.13

52 E(KoNB*KBI=0Z
RN.-OI
00 53 NBxl*12

53 AN-RN.RSUM("11)
00 54 1=1.12
E(K.I.1 )=R3UH(l)
EE(K.I )=RSUII(I)

54 CSUII( I =R$I~tl( )
00 50 118=1.12
00 50 1(8=1.13

50 E(K.NB.1(8)=E(K.NB.KB)-RSUIUIIB).RSUII(KB)/AN
RETURN
END



SUBROTINE INKA163

C
C TlE' SUBROUTINE LII4KA 16 To riND T"lE T INVERSE rOR CALCULATE M~E
C R N1ATRICES.

* C
cCCcCCCC ccccCccccCCCccccccccccccCCC cccCcCcccc~ccCcCC CCC cc~ccc~cc CCccCCC CCCCC

INTEGER OUPUT
OI1IEtSION RFXI1(5.S1.RFX12CS.S).RFX2115.S).RFX22(5.53.RFX3115.5).
IRFX32(5.5).RrX41cs.5).RrX4215.51oRFX51(5,5).RFX52(5.51.EA(5).RFI(5

DIIIENSION ITE!(B)*IU4IT(20)
COIIION EE(15.5)eNT(5*S3
COMfON 1401.N02.NDS.N04.NOS.NVAR.OIJPUT.NKI.HtK SlK.fK4.flK5.DZoIENO.

lEC 15 .5 5)
INPUT = 10
RMIND 10
NRITE( OUPUT .1013)

1013 FORnflflIHI/////T25.27HINFORflRTION STOREM IN TAPE3
HlT6 =1N01 + N02 M 03 N 104 N 105 -5
NWTI =150
I1T2 a O.EO
IJT3 m .-E-5
ITEM() =NVAR
ITEM() =1401- 1I
17EZ(3) : 102 - 1
ITEZ(4) 1103 - I
ITEMA) N I04 - 1
ITEM)5 Nfl5 - 1
00 1331 I=1.NWTS

1331 WINITM =) 0.5E0
00 1304 Jszj .NVAR
IA =ITEZ(JR+1) + 1
I4RITE(OUPIJT.1308) JR.(NT(JA.I),I:1.IA)I

1305 FORIPTIM0TC1HO.I2611T1E lIARGJINAL TOTAiL FOR SET *13//(TlOt5I8))
WRITE(INFUr.1306) INT(JAoI)#I=ldIA)

1306 rORMAfT(5IO)
1304 CONTINUE

NTAL =0
IA = ITEM() + 1
00 1309 I=1.IA

1306 NTAL =NTAL + NTL1fll
WR[TE(OUPUT.130a) NTAL

1309 FORMAMTCIO//10.17THE GRANOD TOTAL .10)
WRITEC INPUT.1306) NTAL

00 40 I=1.IENO

GO TO (41 .40.41.40.40.41.40.40.40.41 .40,40.40,40.413d(
41 CONTINUE

CALL PAIRTEfIEND.KEA.ND)
CCCCCCCCLICCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCGCCCCCCCCCeCCC

4 C
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C THlE SUBROUTINE rARTE 16 TO fIND THE CA VECTOR IN ORDER TO BE USED
C CALCULTING, TIC T CONDITIONAL INVERSE.
c
ccccccCC Cc CCCcccccccc CCC cc cccc CCcc CCCCCCCCCCCCCc CCCccc CCCCCCCC~c CCCc CCCc
C

CALL TI'RN1CEA.ND.RF1 .fK*.pZ)
C
cccCcCCcc CCccc~cc~cCccccccecccc~cccccccccCcccccc~cCc~cCC CcCccCCcCCCCcCcCcCC
C
C TIC SUBROUTINc TPRNII IS To rIND THE T CONDITIONAL INVERSE DIRECTLY
C
ecc~cCccccc~cCcccccccCccccccC~CccCCccCCcccc~ccccccccccccc~cCCCCccccc~c~cc

iFift.-i) 62.63.62
63 CALL TPRN2(RF1.RFX11.Rrxit.IKH.ND.1C1 OtPUT)

0O TO 40
62 IF(I(-3) 64.65.64
65 CALL TPRII2(RF1 .RFX21 .Rrx22."K.NOd1K2.OUPUT)

00 TO 40I64 IF(H-6) 66.67.66
67 CALL TPRflZ(RF1 .RFX3I .RFX32,IK.ND.11K3.OUPUT)

00 TO 40
66 IF(K-10) 68.69,68
66 CALL TPRtI2.RF1 .RFX4I .RFX42,HK.NOd1R4.OUPUT)

680 TO 40
68IF(K-15) 40.71 .40

71 CALL TPRflZ(RF1 .RFX5I .RFX52.flK.NOolK.oDUPUT)
40 CONTINUE

CALL PARTC(ERFX1II.RFX12.RFX2I .RFX22,RFXS1 .RFX32.RFX41.RFX4E.RFXSI

1 .RFX52.IEND)

CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCcCCCCCCCCCCCCCCCC#4CCCCCCCCCCCCC
C
C THE SUBROUTINE PARTC 16 TO FIND THE FINAL OUTPUT OF THE R MIATRICES
C
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCi~CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC
C

RETURN
ENO
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SUBROUTINE PARTC(E.RfXll.RrXL2.RFX21 .RIX22,RrX31 .RrX32,RTr4I .RFX42

INTEGER OUrUr

1X3115.51.RFX3255J).RrX41IS.5).RFX42C5.5).RFXSI(5.5).RrX52(5.5)
COt"fON EC1I15.5).NT(5o5)
COIIHON N~l .N02.N03.N04oNOS.NVAR.OUPUT#"tINl fK2.NK?.nK4.flK5.Z
OZ = 0.EO
WRITE(OUPUT91011

101i F0RIIAT(IN13
h H~R ITEf OUFJT .102)

102 r0RmarUIHO.TlG.14HTIE Nil MATRIX I
Kul
CALL OUPT3(11K1 OUPU1.OZ)
IF(IEND-1) 11.20.11

11 CONTINUE
HRITE( OUPUT. 103)

103 FORMAT(1IIOoTlO.14HTIIE R12 MIATRIX I
K~t
CALL OUPT2(0oNDI N2.nK1 .K2.RFX11 .RFX2.E.0Z.K.0UFUr)

NRITE(OUFUT.104)
104 FORflAT(1h1O.TIO.14t1T1E R22 MlATRIX I i

CALL OUP1'3(1K2.OUPUT.OZ)I IF(IENO-3) 12,20,12
12 CONTINUE

K=4
WRITIE(OUPUT,105)

103 rORnAT(1IH0.rIo.14HTr1E R13 MIATRIX I
CALL OUPT2(NOI .N03.MII,.fK3.RFX11 .RFX32.C.0Zo.1LUPUT)
W'RITE(OUP11T.106J

106 F0RtIAT(1H0.T10ol4IITHE R23 M1ATRIX3
CALL OUPT2tt402..ND3.flI2.flK3.RFX21 .RrX32.E.0z.K.OUPUT)

WrRITEL oupur. 107)
107 F0RtIRT(lHfl,T0,l4tTHE R33 MIATRIX I

CALL 0UPT3(fl)3oOUPUT.DZ)
IF(IENO-6) 13.o2013

13 CONT'INIUE

K--7
WR[TECOUPUT41083

108 FORIAkT(1H0.TI0o.4ttTKL R14.NA7RIX 1
CALL. OUPTaLNOI .N04oMKIo.fK4.RFX11 .RFX42.C..0!.K.OUPUTI

WRITE(OUFUT.1OS)
109 FORMtAT(1t10.T10,10ITt1C R24 MlATRIX3

CALL OUPT2(N02.ND4.NI(2a1K4,RFX21.RFX42.C.0!.K.OUPUT)
K=9
I4RITE-IOUPUT. 110)

110 FORtiRT(1H0,TIO.14NTtE R34 MlATRIX
CALL OUPIZ(N03.ND4.flK3.11K4.RFX31.RFX42,E.0!.KOUPUT)

WRItTE( OUPUT. 111)
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III FOnnrNA111.T10.14HTHE R44 MIATRIX3

CALL OUPT3(IIKA.OUPUT .023
FIMENO-101 14.20.14

14 CONTINUE

MRITE(OUPUT.1121
112 FORMAT(1tI0.TIOP14tIThE R15 IMATRIX I

CALL OUPT2(ND .N05.11K1 .K2.RFX11 .RFX5,Z.LDZ.K.OUPUT)
K=12
NRITE(OUPUT*1131

113 FORHAT11HO.TtO.14H1THE~ R25 MATRIX I
CALL OUPT2(NDZ.NOS.NKMKS.K~RTX21 .RFX52.E.0R.KoOUPUT3
Km13
IlRITE(OUPUToll43

114 FORHAT(1IHo.Tl0.14HTtE R35 MATIRIX 3
CALL 0Ur12(N03.N05.HN8.nKSRFX31,RrX52.E.OZ.KOUPUT)
K=14
IdRITECOUPUT*115)

115 FORMAT(1INO.T10.I4HTIIE R45 "ATRIX3
CALL OUPT2(ND4adDS.flK4.fKS.RFX4I .RFlS2oE.0ZoK.OUPUT)
WS 1
BERITE(OUPUT,116)

116 FORIIRT(IHO.TIO.14HTME R55 "ATRIX3
CALL OUPT3CMK5.OUPUT.D33

20 CONTINUE
REMIND 10
RETURN
ENO



SUBROUTINE PORTME(JN~o KERA:D) .O O 1K 1K N S.14.3.1 167

IF(K-1O) 46.70.46

43 N~sNI

IF(K-) 44-70.4

N__ I';
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SUBROUIJNE TPRrnEA.NOoRF1 .111.01
DIIEtdSION EA(S).RFI(5.)
"1KaNO-1
TOTSALaft
00 10 %I=No

10 TOTALcTOTAL*EA( I)
00 11 1:1.5
00 11 Julo5

11 RF1(1.J)=01
RF1 (1 1 )SORTL TOTAL/IEAt 13.1TOTAL-EAt 1)))I
001 It2.Intfl
TN1%TOTAL
Hal.
"I IInr-I
00 1S M1,:111

1S TNI=TNI-ERCIKI
TNZ=TNI-MA 11)
DO I2. JM10Z
IFtI-J) 30.31,30

30 Rruz*J)=sQRT(EAuD/(ar vN~ t21
GO TO 12

31 RF~I.IJ3:SQRTCTN1/CEA(t1-uTt42J)
12 CONTINUE I

RETURN

END
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S05ROUTIMC TPRM12(Rrl .RXI.RXZ.NK.ND.NKL.OWUtIT)
INTEGER OUPUT
DiIIENsioN RFZ(5s).RimsiantsZ(S.5
INPUT x 10

Do 10 1=10.NO

10 RX2(J.I):Rr(.qjj

101 rORMAT(1I10.T10.2511T1E T CONDITIONAL INVERSE //(T1O@5EZ0.6))
NRITE(INPUT.102) N~dIK.((RX1I.lJ).Ju1.ND).IulaKIIK

102 roRnuiRt (2.L(Ez0.6)
RETURN

END
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SUBROUTINE OWTZLN1 .NLN1 W.NRI .R2.r.DI.K..UPT)
INTEDER Ourti
DJIMENSIONRl55Rtt5)E1..)M5).RK.)
INPUT a10
00 10 ISI'S
Do 10 Jul1.5
MC I oJ)=DZ

10 NORK(IOJ)NOZ
00 11 1.1.911
DO 11 .5=1.12

11 MORK(I*J)a MORK(I*J)*RlCI.L)mE(K@L&Jl
D0 12 1.1.911
D0 12 J.1.912

12 W(R.J)=M(I.J)*.OKORIotL)mR2(LJ)
WRITE(OUPUTel01) ((J)J1f2I.N)

101 FORIIAT(lh0.T1Oo5E20.6)
MRITE(INPUT.1102) N(J)J1f2.I.l)

RETURN
END



171

SUBROUTINE OUPT3(N1 .OWIJT*013
INTEOER OUriir
DIIIEMSION R(sas)
INPUT a 10

Do 55 J=1.5
55 REJ.J)*0.EO

00 10 131.5
10 RtI.I)u1.EO

NRITE(OiJPUT.l01) C(R(Z.J).Jul*Nll..l.lNll
101 FORUIAT11Htt~O.TS.EC0.6)

WRITE(IMPUT.I212 ((R(1.J).JmloNl),Im1.N1)
102 FORMRT(E20.O)

RETURN
END



1?2
r UKCTION LT(I.J.KoLfl)C-C-C-C--C-cC-C-CCCCC-C-C-C-cc r--C-Cccccccccccc cc ssCsiuussuCCCC= CCCCCC=CCCCccc

C THIS TIMICTIGN SUBsRiOetww 16 To rIND THE inn0 run ritE SINGLE nwitav
C MRod THE CONTINGENCY TABLES

C-ccc-ccccc ccccccccccc CCCCcccccccrc ccccc =cccccccccccccccccCCCCC=Ccc
INTEGER DUPUT
CGdIVION NOl .NO AMOSN0 eNDS .NVAR .o0IUT A11(1I112.112 .111(vM4.111S .0!

RETURN
ENO
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SUBROUTINE O(WTA(EI
INTERGER OUPUT
DtIMENSION4 NOD(S) .E( 1,5.5.5
COMMION EE(15.5)*NT(.5*5
COMMNON ND! .102.N03.N04.N05.NVARoOUPUToNK1 .nK2dIK3.11k4.NR5.DI
NDD(I1)SN01
1400(23:1402
1000(33:103
NDD( 4 3N04
N400(53:140
Ka0
DO Is JAX1.NVAR

MRJ1EC(UPUT.1041 gJB~JA
104 FORMAT(1IH0.T1O.oITHE Eo2!2,7H MlATRIX I

!2:NDD(JB)
13 a NODIJA)
DO 19 1821.12
NRITE(OtJPUTol05) fE(K.I8.IC)oIC=1.13)

105 FORIIATW(//(415.SE2D.6))
18 CONTINUE

RETURN
END



APPENDIX B

COMPUTER PROGRAM FOR INITIAL WEIGHTS

ESTIMATION AND APPROXIMATION
"I C W"
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DIMESIONV5C5dl(51.NZ(5).M3(5).N4(5)dfS(5).Rl(S3.R2(S).V3(53.34t5).R

DIMNSONRS12(5.5).RSIS(5.5).R624t5.5).RSJSSLS.).R623(65.).R624(5

DAAUl.U2.U3.U4.U5.VI.V2.V3.V4.VS.N~~l3.W~ M~4.MSoRI.RZ.R3.R4.R5/I

REMIND JUT100)NT.NI.T.r

RE~INPUT x 10 S AI.I1NI

10FORNRTt2I.E2O.6)

101 F NRMAT(12)

N3OT z NI~TOTL

IFNSET -N21To(5)
DO 3311 z A .NE

IFRNEAOU - 4212 4.1 J.I.I1.A

READ(INPUT.20512 NTA()L NW l

2013 FORNRT(212(520.6 )

NSlE = NRT5

00 331 JA=*NSEI



0O TO (3101.3102).iIIIT17
3101 CONTINUE

CALL RIOUT(RR.NSETS.IOUTeNROT.KETJ
00 TO 3103

3102 CONTINUE
CALL ROUT( RR.NSET6.IOUr.NR6TMESC)

3103 CONTINUE
CALL EIIPTY(RS12.RS13.RSI4.RS1S.RS23.RS24.RS2S.RSS4.R$35.RS45.0I)
00 TO 13201,3202),LUIIT

3201 CALL RSI(R$12.RS13oRS14.RSIS.R623.RS24 .RS2S.RS34.R3635RS45.RR.NI .N
12 .N3 N4,N5.IOUT9tSET8)
00 TO 3203

3202 CALL R62( RS12.RS13.R614oRS1S.RS23.RS24.R625.R634.R635.R845.RR.N1 .N
l2oN3 .N4 .NS.IOUT.NSETS)

3203 CONTINUE
00 TO (3301,3302)*LIIIIT

3301 N = NiI G0 TO 3303
3302 N = N2
3303 CONTINUE

00 19 I=18N
00 19 J:1.N

19 RGN(I.J) =R812(I.00
L1I = 0

9000 00 17 I=1.N
00 17 J=1#0
IJ = (JsJ - J)/2 * I

17 A(IJ1 RSN(IoJ)
NNN =(H - JnuN/C + N
WRITE( IOUT.2C2) tA( I )Iz1 .NNN)

202 FORtIAT(JHD.TWO.17THTE PACKED MIATRIX //LTIME0.SEG))
CALL EIOEN(AR.No0)
WRITE(IOUT*2031 Ail)

203 FORIIAT(IHO,T!O.25lHrHE LARGEST EJOEN-VALUE //(TIO.E20.6))
WRITE(IOUT.204) (Rtl).lIzIN)

204 FORflATtlIIO.T1O.1611T1E EJOEN-VECTOR //C TlO.5E20.8)1
IF(LII¶IT - 1) i000.lorlelooo

1001 CALL SECOOCU1.VleV2etrJ.W2,43.RleR2eR3.R4oReISTEPeNeRIISoSQRTLA(Il)))
00 TO 566

1000 CALL SEC0O(UZ.V3,U3.N4.U4.V4oR5oU5.V5.WS.R.1STEP.N.RH1S.SORT(A(1)3)
568 IFINSET$ - 2) 25,25.26
28 CONTINUJE

CALL RLOAO(RS12oRS13.RS14.RS15,RS23,RS24.kRS25,R$34.RS3SoRS45,RSN.N
.oNI N2.N3.N4.NS.LIIIIT.ISTEf.Lfl.NSET6oIG0)I
GOTO (00O1.9000).I00

9001 CONTINUE
26 CONTINUE

00 TO (2000.20041.LINIT
2004 CONTINUE

NS =NSETS - I
IKX 1

CALL FINAL(VAV.U1.V1.W1.RI.NS.NI.IOUTRiIS.IKX)

CALL 00 MFfVAV~.N1 .IOUToKN.X)



17?

CALL FINALE VAV.U2.V2.12J12.NS.N2.IOIJT.RM6.IKX)
CALL DoRnrFVAVN2.IOUT.KhiXJ
irENGETS - 2) 90.99.88

96 CONTINUE
IKX = 3

CALL FINALE RVOW.13.V3.113.R3.NS.N3.IOIJT.RMS.IKX)
CALL. ooRII(vAV.N3,IOUTr.KNNX
iFENSETS - 3) 97#9.947

97 CONTINUE
IKX a4
NO c KN + N3
CALL FINALE VAV.U4.V4.04.R4.NSN4.IOUTRHS.IKXI
CALL DORNFE RVAY.14o*lOUT .KN .X
iFENSETS - 4) 96494.6

96 CONTINUE
JKX =5
KM = KM + N4
,f.ALL rINALE VAV.U5.YS.MSoRS.NS.NS.IOUT.RHSsIKX)
CALL DoRflF(vAV.NSIOUT.KN.Xl

99 CONTINUE
CALL FILUPtX.NTOTLoINPUT)
REWIND 10
STOP
END
SUBROUTINE REAII4ER*NSETS.INPIJTNRST.KSET)
DIMiENSION RtU5*S.5)oNRST(5)

NR =NRSTCJ)

NO u NRST(I)

RETRO'NPU,0)(RKI.XoXIN)I=,
ENDORT ZO6

KI
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SUBROUTINE RIOUT(RPNSET6. LOUT .NRSTPKSEr)
DUIENSION R(l 15.55) .NRST(6)
WRITEI IOIJT9100)

100 rORIIAT11HI.T25.4SHINITIAL ESTINATED MEIGHTS rORt FLETCHER AND FOWEL
IL J
KRITE( IOUT.606) HSET8*dNRSTI 13.131.5)

soe romtDIAT OH.TIM.SIITHE NURSER Or SETS 16SETSU a *16//TIO#37tITHE HU"i
iBER or 10548 or (1,1) set 161 a .16//TI0.37"rHE H60110R Of ROWS Or
22.2) SET 162 a .I6//T1O.S7HTHE NUHSER Or ROU Or (3.31 SET H63 a.
316//TlOo37HrME NUMBE8R OF IOUS or (4.4) SET N4 a 10//TIO*37NTHIE N
40118CR oF R0ow6 or (5.5) SET 165 a .16)
MRITE( IOUT.140)

14o roRNAT(1IH0.T35l4NTrHE INPUT DATA I

DO 10 J:1.NSETS
NA =NRST(JJ
00 10 1=1.J
NO NRST(I)
NRITE(IOUT.130) ((R(K.IX#JX),JX=1.NAI.IX=1.NBI

130 rORRflA( IHO//(TlO.5E20.3))

lfK- KOET) 10.10.11
10 CONTINUE
11 CONTINUE

RETURN
END
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c

SUBROUJTINE ROUT P .SET6 or.NOUTA .KBEr
DIMIENSION R( 15.5.5).NR$T(S)
NRITE( JOUT.140)

140 roxRtITl1I.T35,2HThE TRANSPOSED INrUT DATA I
Ku=)
00 10 J=1 ,NSETG
Na = NAST(J)
D0 10 J=1.J
0B a NRST(1)
NRITE(IOUT,1O30 t(R(KeIX#JX)PJX4.,NA)oIX=1,NI)

130 FoRaiiRTH10//(Tl0,3E20.6))

ir(K - XSEI) 10.10.11
10 CONTINUE
11 CONTINUE
$00 RETURN

END
SUBROUTINE EflPTY(RS12 .RSI3.RS14 .RSI5 .R$23oRS24 .RS25.RS34.RSSS.RS45

DIMIENSION RSl2(5.5).R$13(5,5).R$14t5.5).RS15(5.53.RS2315.5).RS24(5
1.5) .RSZ5(S.5) .RS34(5.53 .RS35(S.5) .R645C5.5)
00 1002 1=165
00 1002 J=105

RS14U.oJ) OZ

R523(f.J) 0!
RS24(i.Jl OZ
!!25:10j) OZ

RS451.JI D
1002 CONTINUE

RETUAN
END
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C

SUBROUTINIE RLOAO(RS12.RS13.RS14 .RGSRS23.RS24.RS25.RS34 .RS3S.RS45
1.RSN.N.H1.N2,N3.N4.N5.LInIT.ISTEPLtlN$ErG.IGO)
DIflENSIOUI RS12CS.5) .RS13(5.5) .RS415~.5) .RS1S(5.5) .RS23(5.S) .RS24C5

1.5) .RS25(S.5) .RS34(5.5) .RS.15(S.5).R845(S.5) .RSN(5.5)
I0 GO.

26 LN u Ll + I
IFtLMl - 1) 28.27.28

27 CONTINUE
DO TO ("-S01.25O2).LIfl1T

2501 N =NI
GO 10 2601

2502 N =N3
2601 00 29 I~1.N

00 29 Jz1.N
29 RSHNl.J) =RSI3tI.J)

ISTEP =ISTEP * 1
G0 TO 9000

28 IF(Lt¶ - 2) 30.31&30
31 CONTINUE

00 TO CZ701,2702)*LIflIT
2701 N a NZ

00 TO 2801
2702 N~ a N3
2801 00 32 I~1.N

00 3z JZI.N
32 RSI4(I.J) = R623(1.J)

ISTEP u ISTEF * 1
00 TO 9000

30 WC(NSETS - 3) 25.25434
434 IMi.M - 31 34.35.34
35 CONTINUE

GO TO CV7O3.2704)d.IflIT
2703 N % NI

GO TO 2802
2704 N m N4
2802 DO 36 Im1.N

DO 36 J=1.N
36 RSNtl.J) =RS14!1.Jl

ISTEP =ISTEP + 1
GO TO 9000

34 IM(U - 41 37.3e#37
38 CONTINUE

DO TO (2705.270ý).LIfIT
2705 N = NZ

0O TO ?003
2708 N = N4
2803 00 30 1al.N

00 39 ,J=1.N
39 RSN(I.Jl " RS2411#J)

ISTEP = 1TEP + 1
GO TO 9000

37 lF(LMi - 51 51.40.51
40 0G0 TO (2711.2712).LflhIT
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GO TO 2604

2712 N = N4
2604 O0 41 I=1.N

00 41 J=I.N
41 RSN(I.J) = R8341I.J)

16TEP x 16TEP * 1
O0 TO 9000

51 IF(NSETS - 41 25.25.52
52 IFILI - 6) 53.54.53
54 CONTINUE

00 TO (2713.2714).LINIT
2713 N a NI

GO TO 2•05
2714 N : NS
2805 00 61 lJl.N

00 61 J=10N
61 RSN(I.J) = RSIS(I.J)

ISTEP = ISTEP + 1
GO TO 9000

53 IF(LiM - 7) 56.55.56
55 CONTINUE

GO TO T2715,2716),LINIT2715 N x N2GO TO 2806

2718 N4 = NS
2806 go 62 I=1oN

DO 62 ixiN
62 RSNU.,Jl = RS2SLZJ)

ISTEP = ISTEP + I
GO TO 9000

56 FftLMI - 8) 57,58.S7
58 GO TO (2717.2718).LIHIT
2717 N = N3

GO TO 2907
2719 N = NS
2 D07 00 63 IalN

00 63 J=RN
63 RSN(I.J) = RS3S4I.J)

ISTEP a ISTEP * 1
GO TO 100

57 IF(LMI - 9) 25.59.2j5,9 G'O TO 12719,272014,LI~T
2719 N = N4

GO TO 2808
2720 N a NS
266008 6O4 Inl,N

00 64 J=IN
64 RSN(IJ) = R64511,J)

ISTEP a ISTEP I
9000 CONTINUE

RETURN
25 CONTINUE

10O:
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c

SUBROUTIME SECOOCV1.V2.V3.V4.VS.V6.V7bVO.V9.VIO.R.ISTEP.N.RiIS,A)
OMfENSIOiI V1(5),V2(5).V3(5).Y4(5) .V5(5) .V6(S).Y7US) Y8f5) .Y9L() 1,V,
1O(5).RtS),RtISt5.4)
DO TO (l12,3.4.5.6.7.8.9.0.111.16TEi'

1 00 901 I=1.N
901 VIM = RMI

RIIS(1.11) A
RIIS(2,l) =
DO TO 11

2 00 902 1=10M
902 V2(1) =RU)

RJIS(1,2) = A
RHISL3ol) =A
GO TO 11

3 00 903 I=1.N
903 V3(1) =RUl)

RIIS(2,2) =A
RtIS(3p2) =A
GO TO 11

4 0O 904 lzI*N
934 V4(1) = RU)

RH'S~l13l A
RtIS(4ol) =A
GO TO 11

S 00 905 X=1.N
905 V5LI) =RU)

RHiS!4.2) =A
RMS2.3) =A
GO TO 11

6 00 906 1=1.N
906 V6C1) =Rtl)

RHS1~4,31 A
RHS(3.31 A
GO l0 11

7 00 907 I=I#N
907 V(IM R(1)

RHSU.,4) =A
RHS(5.1) A
GO TO 11

8 00 908 I=IPN
908 VSM = RUl)

RI1S(i.4) =A
RIIS(5.2) =A
C0 TO It

9 00 909 1=1,N
909 V9(1) a RU)

flHSC3,41 A
RHS(S.3) A
GO TO 11

10 00 910 =I=.N
910 VI0(1= RU)

RH~S(4.4) =A
RHS(S.41 A
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11 RETURN

ENO
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SUBROUrYNE RS2(RSI2,RS13.RS14 .RS15.RS23.RS24.Rcu25.RS34,RS35.RS45.R
lo* NI .N:.N3.N4oNS.IOUT.NSE:TS)I ODIMENSION RSI2(5.5).RS13(5.5).RSI4!5.5).RSI5(5.5),RSZ3(5.5).RS24(5
1.5).RS25(5.5).R534L3.5).RS35(S.5).RS45(5.5)
OIIIENSIOtJ Rf 15.5.5)
HR1TEC IOUT.100)

100 F0RflRT(1'0.T10.2511T1E TRANSPOSEO R-6TRR SET

00 10 .J~i.N2

00 10 =ION2
00 10 KIN

10 RS1SCI.J) zR6l3(1.J) + R(IKXK.J)*RL(XKY,Io)

KX 5I 00 12 Irl.N3
00 11 J=1.N3
00 12 K=1.Nl

11 RS13C1.J) = RS23CI.J) + R(KX.K.J~oR(KXX.Kl)

KX = 5
00 13 I=1.N3
DO 13 J=1.N3
00 13 K=1.NI

13 RS14(I.J) RSl3(1.J) * (XKJnK.ol

0014ITEOT1.N4 fS3t,)J1N3,~,3
00T(IU.11 14 J(IJ)J=.N.N=4N3
00 ET 14 3) 1.52

KX 9
00 13 I=lN4
00 13 J=1,N4
00 13 K=1.N3

13 RS14(1.J) =RS34(1.J) *RtKX)(.KJ)oR(KXXiiI)
IKX =11
00 16 I~l.ILJ
00 16 J=I.NS
DO 14 K=1.N1

16 RS24(U.J) RS24tI.J) + * XKJ*(XK1
KX 129

00 17 J~lN4

00 17 J=I.NS
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00 17 K~l oN2

17 RS2S(J.J) =RS25(a.jJ RIKXK.J)*R(KX.KI
KX =13
00 18 I=l.N5
00 18 J=1.N5
00 18 K=IN3

18 RSIS(1.JI R635(1.J) *R(!Xoi.J)nRtI(X.KI()
KX =14
00 19 1:1.NS
00 19 J:1.NS
00 19 K=1.N4

IS RS45(I.J) z R545(I.J) + R(IKX.K.J)uR(1KX.K.1V

WRITE(I0UT.1O1) (LRS25(I.J).J:1.N5).I ..N5

WRITE(IOUT.101) LLR34Sf1.J3.J=1.N5),J=1.NW'
5 CONTINUE

RETURN
END
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C

SUBROUTINE RS1(Fs22.RS13,RS14.RSIS.RS23.R$24.R625.d1S34.RS3S.RS45.
1 RNI1.N?.N3.N4,N5.IOUT.NSET6)
DIMIENSION RS12(5.5) .RS13(S.5).1S14(S.5).RS1S(5.5J.RS23(5.5).RS24C5
1 .5).RS2515.5).R634L5.5).R535(S.53 .R545(5.5)
DJIMENSION R(15.S.5)
WRITEC IOUT.100)

100 FORl1QT(1tW.TI0.1011R-STAR SET
KX =2
00 10 I=1,N1
00 10 J=1.N1
00 10 K=I.N2

10 RS52(l.J) =RS12(J.J) + R(I(XPI.K)mR(ftX.J.K)

101 FORIIRT(1I10//(TIO.SE20.6))
IFINSETS - 2) 501,5.501

501 CONTINUE
KX = 4
00 11 I1.,N1

00 11 J=1.N1

11 RS13(1.J) = R13(l.J) + RfIKX.1,KOuR(KXXJ.K)
KX=5

00 12 I=l.N2
DO 12 J=1.N2
00 12 Ka1.N3

12 RS23L1.J) -%RS23CI.J) + R(KXI(~.KimR(KX.J.K)
WRITE( IOUT1,101) I CRS23 I .J).J=1 .N1 11=1 N1I)
WRITE[UOUT.1Ol ) (CRS23(1,JI.J~1.N2.1.I=l.N2)
;F(NSETs - 3) 1.5.1

I CONTINUE
IKX =7

00 13 J=1.N1
00 13 K=I.N4

13 RS14CI.J) =R8I411,J) R(KX.I#K)*RLKX*JoK)
KX =8
00 14 I=1.N2
00 14 J=1.N2

14 1S4tIJ RSZ,4LIJ ~K..RK..

14 RS34(loJ) =RS34(lI.) + RC(KXI.K)oR(XKX.J.K'o

00 1RITEIOU.10 LS4L..J1N1.3.

WRITEC IOIJT.101) ((R624(1I J),J=1 .N2).J=1 .N2)
WRITE(IOUT.1O1) iURS34LI*J)#J~1.N3)ol:1.N3)
IFINSETS - 4) 2,5.2

2 CONTINUE
KX 11

00 16 1:1.N1
00 16 J:1.N1
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16 R615110j) a R81S(10j) *R(KXO1.K)mR(KX.J.K)
KX a 12
DO 17 lul At
DO 17 J1-.N2
DO 17 WAX.S

17 R625(L1hJ) mn R62511.J3 RCKXPX.K)uR(KXoj*K)
KX a 13
Do 1s Iml*N3
DO 19 Ja1.N3
DO I6 Kalos5

16 RSSSLI.J) = RS35(1oJ) * R(KX,1.K)uR(KXPJPR)
KX x 14
00 19 IlxlN4
00 19 Jz1.N4

19 R64S(L.J) = RS45(1*J) + RIKX.I.J)uR(KX.J#()
I4RITE(JOUT.1O1) (IRSISLZ.J3.J:1.Nl)slxldd1)
URITE(IOUT.1O1) (85IJ.Ju.Z.u.Z
MRITE(IOUT.1Ol) ((RS35(1.J).J:1.N3)*I=1.N3)

S CONTINUE
RETURN
ENO

c
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C SUBROUTINE OORMFCVLVAYN.IOUT.KN.X)

OIMlEN610H VAVI5) .X(251
BUd = O.EO
00 1 Iz1.N

I SUM = SLl* yfylY()mx2

2 Y4V(I) =VRV(I)/QSUt¶
WRITE'IOUT.1O1) (VRV(I).I~1.NJ

101 FORMlRtL1MO.T30.3OHTIHE NO!IRMLIZED INITIAiL WEIOHTS ///(TIOBE20.6))
00 3 lx1.N
I~JX = {N + I

3 XLIJX) =VAV(I3

SUBROUTINE FINRLCYAVoS1 .SZ.S3.S4.NS.I0UT.RltS.IKX)
DIMlENSION 1lt5).S2(5).S3(51,S4(5)
OIM1EN61ON VAV(53
DIMlENSION RHSCS.4)
COMMfON ATOTL
JKX = IKX
00 10 I=1.N

10 VAV(I) = SCIM + 82(l) +S3(I) + S4(1))/ ATOTL
WRITE(IOUT.140) (VAVUL).Izl.N1

140 7ORMATilH0./'//T10.43HTHE OUTPUT WEI2GHTS FOR FLETCHER AND POWELL
l/t rIO.5E20.6)l
RTURN

END
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Cc
C

C SUBROUTINE EIGEN
C
C PURPOSE
C COMPUTE EIGENVALUES AND EIGENVECTORS OF A REAL SYMMETRIC
C MATRIX
C
C USAGE
I CALL EIGEN(ARdN°MV)
C
C OESCRIPTION OF PARAMETERS
C A - ORIGINAL MATRIX (SYMMETRIC). DESTROYED IN COMPUTATION.
C RESULTANT EIOENVALUES ARE VEVELOPEO IN DIAGONPL OF
C MATRIX A IN DESCENDING ORDER.
C R - RESULTANT MATRIX OF EASENVECTORS (6TEW1ED COLUM1t4IGE,
C IN SAME SEQUENCE AS EIGENVALUJES)
C N - ORDER OF MATRICES A AND R
C MV- INPUT CODE
C 0 COMPUTE EIGCNVALUES AND EIDENVECTORS
C 1 COMPUTE EIGENVALUES ONLY (R NEED NOT BE
C DIMENSIONED BUT IIUST STILL APPEAR IN CALLING
C SEQUENCE)
C
C R!MARKS
C ORIGINAL MATRIX A MUST BE REAL SYMMETRIC (STORAGE MODE=I)
C MATRIX A CANNOT BE IN THE SAME LOCATION AS MATRIX R
C
C SUBROUTINES AND FUNCTION SUBPROGRAMS REQUIRED
C N3NE
C
C METHOD
C DIAOONALIZATION METHOD OAIGINATED BY JACOBI AND ADAPTED
C BY VOG NEUMANN FOR LAR- COMPUTERS AS FOUND IN 'MATHEMATICAL
C METW)JS FOR DIDITAL COMPUTERS', EOITEO BY P. RALSTON AND
C i.S. WILF, JOHN WILEY AND SONS. NEW 'YORK. 1962, CHAPTER 7
C
C .0.......................................... ...........**to......

C

SUBROUTINE EIOEN(S.R.NoMV)
DIMENSION Atl),R(1)

C
C . e.oo......

C
C IF A DOUBLE PRECIGION VERSION OF 'rIS r OUTINE IS DESIRED, THE
C C IN COLUMN I SHOULD BE REMOVED FROM THE DOUBLE PRECISION
C STATEMENT WHICH FOLLOWS.
C
C DOUBLE PRECISION A,R.ANORtANRMX.THR,X.Y,SINXSINX2.COSX,
C I COSX?,SINCS,RRNGE
C
C THE C MUST ALSO BE REMOVED FROM DOUBLE PRECISION GTArEM7lNTG
C APPEARING IN OTHER ROUTINES USED IN COiJUNCTION WITH THIS
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C ROUTINE.

C THE DOUBLE PRECISION VERSION OF THIS SUBROUTINE MUST AL60
C CONTAIN DOUBLE PRECISION FORTRAN FUNCTIONS. SORT IN STArTEMENTS
C 40, 68. 75s AND 78 MUST BE CHANGED TO DSORT. ABS IN STATEMIENT
C 62 MUST BE CHANGED TO DABS. THE CONSTANT IN STATEIMENT 5 SHOULD
C BE CHANGED TO 1.00-12.
C
C
C

C GENERATE IDENTITY MATRIX
C

5 RANOE=iOE-6
IFIIV-1) 10.25.10

10 IQ=-N
00 20 J:1,N
Ig=IQ+N

DO 20 I=I.N

R([IJ)=O.O
IF(I-J) 20,15.20

15 R(IJ>.O
20 CON7;i4UE

C
C COni!iJTE INITIAL AND FINAL NORMS (QNORM AND ANORMX)
C

25 ANORn. 3,0
00 35 :I.N
O0 35 J.1.N
IF(I-.j; 30.35.30

30 IR=I+(JvJ-JI/2
ARNORM=ANORM*A(IARuR(IA)

35 CONTINUE
IF{ANORM) 165.165.40

40 ANORM=ti.414wSRT(ANORM)
ANRMX=ANORImRARN0E/FLORT(N)

C
C INITIALIZE INDICATORS AND COMPUTE THRESHOLD, THR
C

INO=O
THR=ANORM

45 THR=THR/FLORT(N)
50 L=1
55 M=L*I

C
C COMPUTE $IN AND COS
C

60 MQ=(M*M-M)/2
LQ=tLuL-L3/2
LM=LiMg

62 IF( ASS(A(LM))-THR) 130.65,65
65 INO=I

LL=L.LQ
MM=M+MQ



3-s L-H 1) 192
58 Y=-A(LHi3/ SQRT(A(LLH)vflLM).XmX)

IF(%) 70.75.75
70 'Y
75 SINX=Y/ SagRTz2-8o.c0+c SQRTL1.O-YmYj)))

SINX2=sltlXnSINx
78 COSX= SORT(l.0-6INX2)

C IC ROTTEL ND CLUMN
C

ILQ=NmLL-11

00 125 I~1.N

IFLI-L) 80,115.80
80 IF'1-M) 85.115,90
85 IM=I+I1O

GO TO 95

95 IF(I-L) 100.105.105
100 IL=zI.LQ

GO TO 110
105 IL=L.IIJ
110 XzA(IL~wC0SX-A(IMlmSINX

AL 1r2)=A( IL)wSINX'R Irl)wCOSX

115 IF(MV-13 lZO.125.120
120 ILR=ILQt1

X=R:I'.R)wýOSX-R. IMR)mSINX
R(I11R)=F( ILR)vSINX+R(!MIRumCOSX
R(ILtR)=X

125 CONTINUE
X=2.OmRR~ !.?flSI.ICS
Y=A(LLL)mC9SX2+rn MM )wSINX2-X
X=AfL LL wSlNX~2t:lihi)mCOS)(2+X
R(LM3=LAPLLL3-RAl1?))uSiNCS.A(LM)mUO0SX2-SINX2)
A(LL)=Y

C
C TESTS FOR COMPLETION
C
C TEST FOR M LAST COLUMN
C

130 IFLA¶-N) 135,140.135
135 H=Mtt

C
TEST FOR L =SECOND FROM LAST tVLJP1N

140 IFLL-(N-l'i) 145.150.145
145 L=L+1



GO TO 55
150 1F(lNO-11 160.155.180
155 1HaOO

GO TO 50
C
c COMIPARE THRESHOLD WlITH FINAL NORMl
C

160 IF(THR-ANRIIX) 165.165.45
C
c SORT ELGENVALUES AND EIGENVECIORS
C

!65 IcJ=-N
00 185 1=10N
IQ=IQtN

00 185 J=I*N

MMh+( JmJ-j )/2
IF(ACLL)-RU(iI)) 170.185.185

110 X=A(LL)

le(MV-i1 175.185.175

)2=RiLR)

180 ~PRtJlRX
135 C0IN71NUE

iRE7URN
ENO
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SUBROUTINE FIL'?' ?.N. INPUT)
DIflEN6ION X(2S).L16)
REWIND 10
REAOL tINL'I.1Ol) NNT6.t*ITIW1T2.4T3

101 FORMiAT(215.2E20.6)

102 FORIIRJ1612)
IWITE(INPUT.1031 LX(I),b1.,N)

103 FORIIRT14E2O.6)
REWIND 10
RETURN
END
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C

SUBROUTINE FINAL(XOOBL.S1 .S2wS3.S4.14S.N.IOUT.RHS.IX)
DIMIENSION A(S.51.8(5.S).RtlS(S.4).RlID(Sol3.EION(4.5).XSTAR(5),
I XOOBL(5).SI(5).52C5).S3(53.S4(5)
00 55 1=105

55 XOOBL(I) = .OEO
NSETS =NS +1
00 10 Jl=l@NS

00 10 1=10.11
10 AUI.J) =RtIS(1.JI)

00 11 I=1.NSETS
11 A(I.I) =1.E0

00 12 J=1l.NSETS
00 12 1=1.4

A2 A(J.!) =AL 1.4)
00 13 .J=1.NSETS
JY =
MFIX - J) 14.13.19

14 JY =JY - I

IFf IX - 1) 15.16.20
15 y = y - I
E0 B(IYJY) =A(1.JJ
16 CONTINUE
13 CDNTINUE

00 23 qJ1 .NS
go 21 I-I.,J

21 ecjori =C 1.4,)
00 22 Irn1.NS

22 RHt.IOU.) =RHS(IX.1))
WRITEC IOUT.113)

113 FORflAT(~IHO.T1O.16tITHE COEF'fICIEN,'S)
00 24 I=1.NS
WRITf(IOUTo103) (OlI.J)oJzlN6)

103 FORMTI~l1HO.Tlo.4E20.6)
24 CONTINUE

WRITE(IOUT.114)
114 FOnRMT~lH0Tl0,rl9HTH1E RIGHIT HARND SIDE I

104 FORfIATL1HOT1O.4E20.6)
C
C

CALL IIATIL(8.N6.1.DETRtoI.0.IOUT.RIID)
C
c

WRJTE(IOUT.1051 XLIOI1.z.S
W~S FORflAI(1i1OT1O.4IITHE o12.14H SET SOLUTIONS //(T10.4E20.6))

00 30 I=1.N
EION(Id,) = SIM
E10t4(2,I) =S2(1)
EIGN(C3oI) =8311)

30 EIGN(4.1) =S4(I)
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HRITE( JOUT*200)

200 FORMnrc1HO.TIO.23HrI1E PACKED EIOENVECTOR )
00 40 I=IoN6

40 NRITE(IOIJT.201) CEWNH(I*J)*Jz1.N)
201 FORIIATL HO.T1O.SEZ0.O)

00 31 J=1.Ns
31 XSTRR(Ji) =RIIO(J.1)URI6(IXPJ)

WRITE(IOUT.106) (XSTflRlI)eIuleNS)
106 FORIIATC1IIO.TI015IITIE SOLUTION Xv //(T1O.E20.611

DO 32 Jz1.N
Do 32 K=1.N6

32 X0OOL(J) =XOOBL(J) + XSTARLK).EION(KoJ)
WRITE(IOUT#109) LXDOOBLI),I=1.N)

108 FORRTflALHO.T10.17tITHE SOLUTIONS Xs" //(T101 E20.6))
RETURN
END
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C

SUBROUTINE IIPTIL(A.Nl.I11.OETRMIO.J0.OITB3
DIMIENSION A(S.S).BlS.1).INDEX(S.?)
EQUIVA~LENCE (IR0W.JR0I4).(ICOLfl.JCOLfl).(AflAX.T.8APP)
OE =1.EO
0Z=0 .EO

DETRIF0E
00 20 J~1.N

20 IN0EXCJ,3)=OZ
00 550 I=1.N
AI1AX0oZ
00 105 J=1.N
IF(INOEX(J.3)-1) 60.105.60

60 00 100 1(=1,N
IF(INOEXIK.3)-1) e0.100.715

80 IF(RflRX-FIBS(fl(J.K))1 85.100.100
85 IROW=J

ICOLM=K

100 CuiITINUE
105 CONTINUE

lNDEX! ICGLr..3)INOEX( ICOLM.3)+l
INIDEX[ 1.1 =IROW
INDEX! I 2)=ICOLfl
IF(IiR0W-ICOLM) 140.310.140

140 OETRflt-DETRMt
00 200 L=1.N

"P=A IR0WL~LIOWL)IL
200 A(IC0LM.L)ýSWAPP

IFtiI) 310.310.210
210 00 250 L=1.fl

6WAPP=BCI(lR04.L)
8(IftOW.LhB! ICOLfl.L)

250 8(ICOLII.L)=SWRPP
310 PIV0T (IC3LMiICOLfl)

DE TRr1=ETRrMPIVOT
A! ICOLMi.ICOLt1)=0E
00 350 Lr1.N

350 AfCGLII.L)=A(ICOLM#L)/Pl'',0T
IF(fi) 380.380,360

360 00 370 L=1IiM
370 OUlC0L1.L2=8tICOLr1.L)/FIVOT
380 00 550 L1=1.N

IF(LI-ICOLtI) 400,550.400
400 T=A(L1.ICOLfl)

ACLI .IC0LI~i=0Z
00 450 L=1.N

450 PRL!.L)--A(L1.L)-A(ICO0nLfl.mr
IFUI) 550.550.460

460 00 500 L~ldi
500 B(LL1L)=BiL1.L)-BLlCOLfl.L)wT



550 CONTINUE19
00 710 I=1.N

IFLINDEXtL.13-INDEXIL.2)3 630.710.630
630 JRBW=INOEX(L.1 3

JCOLfl=IN0EX( L.2)
00 705 K=I.N
SWRPP=AL K.JROII)
A(KoJROWd)=AK.JCDLfl)
I( K .JCOLMl)=SUAPP

705 CONTINUE
710 CONTINUE

00 730 K=1.N
IFL INOEXIK.3)-1) 715.720.715

715 10=2
GO TO 740

720 CONTINUE
730 CONT7NUE

I10=1
740 CONTINUE

I4RITE( IOUT.1O1)
101 FORflRTL1?1.TIO.14IITIE INVERSE IS /

00 10 I=1.N
10 WRITE(IOUT.102) rRtI.Jj.Jzl.Nl
102 F'ORMIRIHnO.Tlo,.SE20.6)

WRITE',IOUT.111) DETRII
III FO~fRrA(1t1.T10.17HTrHE DETERMINANT *E2U.6)

RETURN
END
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EXTERNAL. FUNCT
DIMlENSION 1114001.X(2S).G(2S)
COMMfON IFLAGXRRL5S.25.).NRST(S1 .NSfT
COMMION SIS)
DATA iIRST.N1 N2,N3sN49N5/10m0/
DATA INPUT.JOUT/10.6/
REWIND 10

C
CALL IOLN.LItIIT.EST.EPS.X.INPUTDJouJ;

C
C

CALL FflFP(FUNCT.N.X.F.GEST.EPS.L1I11T. IERdI.KOUNT)
C

WRITELIOUT.113) LX~l).I=l.NI
113 FOPRuT~dlHO//,TIO.37hFLETCHER POWELL RESULTED VECTOR VALUE I//C TIG.

l5K20.6))

114 FORIIAT(1HO/.T1O.12lITIE GRADIENT //(TIO.SE20.8))
WRITE(IOUTsI15) F

115 FORIIAf1IHO/.rlO.18HTJIE FUNCTION VALUE .E20-6)
Fl =EXPIF)
WRITE(UOUT.205) Fl

205 FORM1RTUHO.T20,19HTHE EXPLLOM)(ET)l oE20.6)
IER =IER + 2
GO TO (1.2.3.43J.IER

I IER = IER- 2
'WRITECIOUToll6) IER

118 FORIIRT(IHO.TIO. SHIER = .15.3lH ERROR IN GRADIENT CALCULATION
GO TO 99

2 IER = IER- 2
WRITE(IOUT.117) JER

117 F'ORMAT(1HOoT1V.o SHIER = .15,28H1 CONVER~GENCE WAS OBTAINED.
GO 10 99

3 IER: = ER- 2
WRITECIOUT.1181 IER

118 FORMRTtIHO.T1O. SHIIER = .15.37H1 NO CONVERGENCE IN LIMlIT ITERATIO

GO TO S9
4 IER: = ER- 2

WRITELIOUI.1191 IER
119 FORMArU11O.TIO. SHIIER .15.26H1 NO MIINIMlUM VALUE EXIST.
99 CONTINUE

NR =0
NPJ I
00 132 I:1.NSET
NR = R +NRST(I)
DO 133 J=NP.J.NR

133 X(J) X(J)/SLI)
NPJ NR +1

132 CONTINUE
NA =N
WRITE(IOUT.123) (X(I).I=1.NA)

123 FORMATkIHO.TI0.34HTHE NORIIALIZEO WHOLE WEIGHT-VECTOR //(T1O.'ltZO.
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WRITEL IOUT,2O1) MOUNT

201 FORIIAT(1HO///TIO,4iIITt$E TOTOL NUMBOER OF ITERATIONS REQUIRED .8
REWIND 10
WRITEC INPIJT*1O1) NLIflITEST.EPS

101 FORflAT(215.2E20.6)
WRITEfINPUT.106) NSET .NRST(11,1=1.51

106 FORflAT(612)

804 rORflAT(4E20.6)
REWIND 10
ST OP
END
SUBROUTINE IO(N.LIIIIT .EST.EPS.XoINPUT.IOUT)
DIMIENSION X(251.DR(5.5).IETZ(6),R(155.So51
COMMION IFLAG.RREC.5.25).NRST(5).NSET
READ(INPUT*101) N.LIflITEST.EPS

101 F9RRTIAI2I5o2E20.6)
REAOUiNPUr.i03 NSET.(NRST(I).1=1.5)

103 FORflAT(612)
KSET =3
IF(NSET - 2) 2o1.2

2 KSET =6
1F(NSET - 3) 3.1.3

3 KSET =10
IF(NSET - 4) 4.1.4

4 KSET =15
I CONTINUE

IETZ(U) =NGET
00 6 1=2.6

6 IETZ'J' NRST(I)

102 FORlMATi4E2i3.6)
00 3311 1=1.NSET
JA = NRST(I)

3311 READJUNPUT.801) (NT(I.J)oJz1.JA)
801 FORII Ah5I8)

READLINPUT.801) NTAL
00 3312 JA=1.NSET

3312 REAOC LNPUT.802) NO.MIK.LL0RCIoJ).oJ=1.ND)o.I#.fK)
802 FORtIRT(212.LSE2O.6))

110 FORMfAT(1IH1.T25o5?HFLETCI1ER AND POWELL MIETHIOD OF MINIMlIZATION OF A
IFUNCTION. I
WRITE(IOUI.1ll1 N.LIIIIT

Ill FORtIAT(///.T20.231INUtBER OF VARIBLESi N =.12,35H1 MAXIMiUM OF
IITERATIONs LIMIIT =.141
WRITE(IOUTo112) EPG.ESI

112 FORI¶Arun//T20.24tIPERMISSIBLE ERRORs EPS = E20.6o/IT20,46H1FSTIMIAT
lED tiiNIMiUr VALUE O3F THIE FUNCTION: EST = E20.6)
WRITE( IOUI.13?)

137 FOR!IRT(ItO.T20.2ghHT1E ESTIMARTED INITIAL WEIGHTSI
00 136 Iml.N

136 WRITE(IOUr.135) I.X11)
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135 FORnnT(1HO,2.r2.HX( .12.4H) =.E2O-63

MRITE( lOUT .224)
224 rORflAT(IHOT35.16HTHEI INPUT MlATRIX

WRITE( lOUT .250)
250 FORflAT(1IHO//TIO.3HITH.2X.311JTH,2X.3"ROU/TIO.SIISET.2X.3SHET.2X.311N0

I M.P.X.HEISMIENT6 )
K z 1
00 10 J=1.N$ET
J67T = NRST(J)
00 10 J=1.J
16ET =NRST(1)
REAO(INPUT.1451 ((R(U(.IX.JX).JX=1.J5ET).IX=1.16ET)

145 FORflATL4E2O.6)
00 IS IXX=1.1SET
00 16 JXX~1.J6ET

16 OR(IXX.JXX) =R(K.IXX.JXX)
CALL CONEC(KIET!.ORoIOUT)
K =K + 1
IF(i( - KSET) 10.10.11

10 CONTINUE
11 CONTINUE

RETURN
ENO
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C

SUBROUTINE CONEC(K.IETZ.OR.IOUT)
OJIMEN61ON IETZ(6.0ac(S5.
COMMION IFLflG.RRL5.5.25)
L= K
AtCOL 1
NV =IETZ(1)
00 1 J=2.NV
IFIL - 1) 3. 3. 33

33 CONTINUE
L =L J
NCOL NCOL +I

I CONTINUE
3 NRO =K - (NCOLS(NCOL -1)1/2

NCOS =IETZ(NRO + 1)
00 5 KZ~1.NCDS
NENT =IETZ(NCOL +1)
00 128 JZ=1.NENT
IKJ = Z- l~uNCOS + K!
RR(NRO.NC0LoIKJI = R(KL.J!)
AlI = KZ - 1)*NENT + .JZ

128 RIRtNCOL.NR0.JKI)= RK.Z
!4RITE( 10UTo2S0) NRO.NCOL.K!.LOR(K!.JK)oJK=1.NENT)

250 FOR,¶ArflnO.rlO.12.3X.12.3X.l2,3X.4E20.6)
5 CONTINUE

lHETUIN
END

FUNCTION AIAXlRX1XY.Z)
AtIAXI= X
IF(AMiIRX - Y) 11.12,12

11 AIIAXI =y
12 IF(RtIRXI - Z) 13.14.14
13 AMAXI =

14 RETURN
END
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C

C SUBROUTINE MINV
C
C PURPOSE
C INVERT A MATRIX
C
C USAGE
C CALL MINV~n.N,O.L.dl
C
C DESCRIPTION OF PARAMETERS
C A - INPUT MATRIX. OECTROYEO IN COMPUTATION AND REPLACED BY
C RESULTANT INVERSE.
C N - ORDER OF MATRIX A
C 0 - RESULTANT DETERI1INANT
C L - WORK VECTOR OF LENGTH N
C H - WORK VECTOR OF LENGTH N
C
C REMARKS
C MATRIX A MUST BE A GENERAL MATRIX

C SUBROUTINES AND FUNC:ION : U:PROGR2MS REQUIRED
C NONE
C
C METHOD
C THE STANDARD GRUiS-JORORN FlETM•D 16 USED. THE DETERMINANT

C

C
C IS ALSOU RCALCUATEN V EERSIO AN T OF T ZEROUTN ISNDIAESIRD THET
C C TIN CALUIN 1S SINOULA ER.MVDFO ~EDUL RCSO

C ... AT...NT l*tIC .. LL.....0....
C

SUBROUTINE MINV(AoN°D.LoM)

DIMENSION A(R)IL()NMAIt
C
C . . . . . . O~~lO OO OO. . . O. . . . a 4 v O O 0 0o 0 * a

C
C IF A DOUBLE PRECISION VERSION OF THIS ROUTINE IS DESIRED° THE

CC TIN CLUMN I SHOULD BE REMOVED FROM THE DOUBLE PRECISION
C STATEMENT WHICH FOLLOWS.
C
C DOUBLE PRECISION VFDBIERSTOLO
CC THE C MUST ALSO BE REMOVE0 FROM DOUBLE PRECISION STATEMENTS
C APPEARING IN OTHER ROUTINES USED IN CONJUNCTION WITH THIS

C ROUTINE.
C
C THE DOUBLE PRECISION VERSION OF THIS SUBROUTINE MUST AL60
C CONTAIN DOUBLE PRECISION FORTRAN FUNCTIONS. RBS IN STATEMENT
C 10 MUSr BE CHANGED TO DABS.
C
C .... .. .. ...eo e e o o i e e • .=e e e... ....... ee e ~ae ea

C
C SEARCH FOR LARGEST ELEMENT
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NK=-N
Be 80 K:) .t

flt K )::K
KK=NK.K

00 20 J:K.N
IZ=NnLJ-1)
00 20 I:K ON

10 IF( ABSlaIliI3- ABS(flLIJ3)) 15,20.20
15 BIGA=A(fId)

L (K 0:
fl(K)AJ

20 CONTINUE
C
C INTERCHANGE ROWlS
c

J=L(K)
IF(J-K) 35.35.25

25 KIZI:-N
00 30 I:1.N
KI=KI+N
tIOLD=-ACKI)
JI=KI-KJ
A(KI )=AtjI)

30 A(JI) =HOLD
c
C INTERCHANGE COLUMINS
C

35 I=fl(K)
IF(I--K) 45.45.38

38 ,JP=Nuil-l)
00 40 J=I,N
JK=NK.J
JI=JP4.J
IIOLD=-A(JK)
AIJIK):RLJ[3

40 AM)1 =HOLD
C
C DIVIDE COLUMIN BY MINUS PIVOT iVALUE OF PIVOT ELEJMENT ISC CONTAINED IN BIGA)
C

45 IF(BIGA) 49.46,48
46 0:0.0

RETURN
48 00 SS I=3.N

IFLI-K) 50.55.50
50 IK=NK+l

HlIK):A(IK)/(-BIoA)
55 CONTINUE
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C
C REDUCE MIATRIX
C

00 65 J=l.N
IK=NK.I
IIOLO=A( 11(
IJ=I-N
Do 65 J:1.N
IJIJJ.N
IFLI-K) 60,65.60

60 IF(J-K) 62*65.62
62 KJ=11J-I+K

AL IJ)ttlOLOmR(KJ3,ALIJ)
65 CONTINUE

C OIVInE ROW BY PIVOT
C

KJ=K-N
00 75 J=1.N
KJ=KJ.N
IF(J-K) 70.75,70

70 RCKJ)=A(XJ)/BIOA
75 CONTINUE

C
C PRODUCT OF PIVOTS
C

C
C REPLACE PIVOT BY RECIPROCAL
C

R(KK)=1 .0/BIGA
80 CONTINUE

C
C FINK l. O~NON COLUMIN INTERCHANGE
C

K-N
100 K=t.:-1)

IFLK) 150.150.105
105 I=LtK)

IF(I-K) 120,120.108
108 JgzNu(K-1)

.JR=N*( 1-1)
00 110 J=I.N
JKmJgtJ
HOLD=R( JK)
Ji=JRtJ
AijM)=-R(JI)

110 A(JI) =HIOLD
120 J-flLK)

IF(J-K) 100.100.125
125 KI=K-N

DO 130 I=1.N
KI =K I+N

HOLO=AIKI)
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JIZKI-K+J

130 AtJJ) =HOLD.
GO TO 100

150 RETURN

END



208C TNE SUBROUTINE FFPU
SUBROUTINE FMFPLFUNCT.N.X.F.G.EST.EPS.Lýt1IT.IER°H,(OUNT)

OIENSION HI1),X(I).G(1)
COMMON IFLAG

C
C FUNCT-USER WRITEN SUBROUTINE CONCERNING THE 1-UoCTJCN TO BE
C MINIMIZING IT MUST BE OF THE FORM
C SUBROUTINE FUNCT(N.ARG.VAL.GRAD)
C AND MUST 6ERVE THE FOLLOWING PURPOSE.
C FOR EACH N-DIMENSIONAL ARGUMENT VECTOR ARG.C FUNCTION VALUE AND GRADIENT VECTOR MUST BE CON' L EC AMNDOH

C RETURN, STOPE IN VAL AND GRAD RESPECTIVELY.
C N -NUMBER OF VARIABLES.
C X -VECTOR OF DIMENSION N CONTAINING THE INITIAL AR&UMENT, WHLRE
C THE !NTERATION STARTS, ON RETURN X HOLDS THE ARGUMEN'
C CORRESPONDING TO THE COMPUTED MINIMUM FUNCTION VALUE.
C G -VECTOR OF DIMENSION N CONTAINING THE GRADIENT VECTOR
C CO(.RESPONOING TO THE I141fMU ON RETURN I.E. G = GIX).
C EST -IS AN ESTIMATE OF THE MINIMUM FUNCTION VALUE.
C ESP -TEST VALUE REPRESENTING THE EXPECTED ABSLUTE ERRCR. A
C REASONABLE CHOICE IS 10m(-6), I.E. SOME WHAT GREATER THANC mOm.(-D) WHERE D IS THE NUMBER OF SIGNIFICANT DIGITS IN
C FLIATING POINT REPRESENTATION.
C LIMIT-MAXrMUM NUMBER OF ITERATION.
C IER -ERROR PARAMETERS.
C IER = 0, CONVERGENCE NAS OBTAINED.
C IER = 1. NO CONVERGENCE IN LIMIT ITERATInN.
C IER = -1. ERROR IN GRACIENT CALCULATION.
C IER = 2.LINEAR SEARCH TECHNIQUE INDICATE IT I6 A LIKELY THAT
C THERE EXISTS NO MINUIUM.
C H -WORKING STORAGE OF DIMENSION NmIN + 7)/Z.
C
C REMARKSt
C 1. THE SUBROUTINE NAME REPLACING THE DUMMY ARGUMENT FUNCT, 'wui1 BE
C DECLARED rS ESTERNAL IN THE CALI.ING PROGRAM.
C 2. IER IS GET TO 2 IF STEPPING IN ONE OF IHE COMPUTED DIRECTIONS,
C THE FUNCTION WILL NEVEN INCREASE WITHIN A TOLERABLE RANGE OF
C ARGUMENTS.
C IER=2, MAY OCCUR ALSO IF THE INTERVAL WHERE F INCREASES IS SMAL
C AND THE INITIAL ARGUMENT WAS RELATIVE'.Y FAR AWAY FROM THE MINIM
C SUCH THAT THE MINIMUM WAS OVERLEAPED. THIS IS DUE TO THE
C SEARCH RECHNIQUE WHICH DOU3LE TIHE STEPSIZE UNTIL A POINT IS FOU
C WHERE THE FUNCTION INCREASES.
C
C METHOD: THE r1EiHOO IS DISCRIBED IN THE FOLLOWING ARTICLE.
C R.FLFTCHER AND M.J.D.POWELL "A REPID DESCENT METHOD FOR
C MINIMIZATION.
C COMPUTER JOURNAL VOLUME 6, IGS.II,1963, PP. 163-168

IFLAG = I
CALL FUNCT(NX,FG)
IFLAG = 0
IER = 0
KOUNT = 0
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02 0 + N
W3 N2 +N
N31 M3 + 1

1 K = 31
00 4 J=1,N
11(K) = I.
NJ a N -
IF(NJ) 5.5.2

2 00 3 L=1.@NJ
KL =K * L

3 11(KL) =0.
4 K c KL +
6 KOUI4T = KOUNT I

OLor a F
00 9 qJz1.N
K =N + J
11(K) =GUI)
K = K + N
H1(K) =X(J)
K =J + N43
T 0.O
00 8 L =1.N
T = T - D(L)Ml(K)
IF(L-J) 6.7o7

6 K K+N - L
GO TO 8

7 K K +1
8 CONTINUE
9 Ii(J = T

By =0.
IINP}1 = 0.
GNF.M a 0.
go 10 JM1.N
HNIM1 = ?INRM + ABSH(Mj))
GNRh = NRII + BbtG(J))

10 DY= DY t MLJ)MG(j)
IF(OY) 11.51.51

11 IF(HNRII/ONRII - EPS) 51.51.12
12 FY =F

PLFR 2.00*cESr - FJ/0Y
flfBDA 1.
IF(ALFA) 15o15.13

13 IFVLALF - AIIBDA) 14,15.15
14 AMBDA ALFP
i5 ALFA 0.
18 FX =FY

OX= DY
00 17 1u1.N

17 X(I) =X11) +AlBDAamtiC)
CALL FUNCT(N.X.F.G)
FY =F
DY= 0.
00 Is 1=1.N

18 DY D Y + GtI~mHUI)



"to0

IF(OY) 19.36.2f
is IF(FY - FX) 20.22#22

20 AIIBDA = hDUA * ALFA
ALFA = hODA
IF(INRMAfBDR - I.E1010 16.16.21

21 IER= 2
RETURN

22 T =0.
23 IF(PflODA) 24.36s24
24 Z 3.00u(FX - FY)/AhI8OA + OX + DY

ALFA AMAfiXI( ABSMZ) ABSLOX). AMSOY))
DALFA V 1ALFA
DALFA ORLFAmDRLFA - OX/ALFAvOY/ALFA
IF(DALFA) 51 .2'.25

25 W ALFAm SORTCDALFA)
ALFA D Y - OX + WI + W
IF(ALFA) 250.251.250

250 ALFA =(DY - Z 14)/5LFA
GO TO 252

251 ALFA = QI + DY -1)/(Z + OX.!. DY)
252 ALFA =ALFAmAhIODA

00 26 1:1,14
26 XfD = X(I) + (T -ALFA)mAl1)

r IFLAG =I
CALL FUNCT(N,,X.FG)
IFLAG =0I IF(F - FX) 27.27.28

27 IFF - FYJ 36,36.28
28 DALFA 0.

00 29 1:1.N
29 DALFA = RLFA + G~flmh~l()

IFtOALFA) 30M3.33
3D IFI:F -FXJ 32.31,33
31 MOXJ - ALFA) 32,36.32
32 AF= O

OX =DALFA
T =:ALFA
AM80A= C
GO TO 23

33 IF(FY - F) 35.34,35
34 IF40Y - ORLFA3 35.36,35
35 FY::F

BY DALFA
AIIOCIA AflBOA - ALFA
GO 70 22

36 00 37 J:1.N
K a N + J
H1(I) =GLJ) - 11(K)
K = 11 + K

37 HICK) =X(J) -H1(K)
IF(OLDF F +* EM' 51.38.38

38 1ER a0

IM(O"JNT -N) 42.39.39
39 T =O0.
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00 40 u=l.N

M- H(K)
K =K +N
T T + ABSLH(K))

40 !Z Z + H'HK)
IF(HNRt - EPS) 41,41.42

41 IF(T - EPS) 56.56.42
42 IFIKOUNT - LIIIIT) 43450,50
43 ALFA = 0.

00 47 J=1,N
K J * N3
Wi 0.
00 46 L=I.N
KL= N * L
H = 14 ÷ HCKL0mIIK)
IFIL - J) 44.45.45

44 K=KX+N-L
GO TO 46

45 K=K+1
46 CONTINUE

RLFR = ALFA + N"H(K)
47 HiJ) = W

IFIZ*ALFA) 48.1.4e
48 K = M31

DO 49 L=I.N
KL = N2 + L
DO 49 J=LN
NJ = NZ + ,
H(K) = HMK * MCKL)mHtNJ)/Z - H(L)uh(J)/ALFA

49 K=K +I
GO TO 5

50 IER = 1
RETURN

51 00 52 J=I.N
K = NZ + J

52 X(.) 1 IKM
IFLRG I
C.LL FUNCTIN.X.FG)
,FLAG=

IFIGNR" - COS) 55.55.53
53 IF(IER) 56,b•.54
54 IER = -1

GO TO 1
55 IER =0
so RETURN

ENO
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C SUBROUTINE rtJNCT(NoX.YoG)
SUBROUTINIE FIJNCTiN.XX.Y.G)
DhIMENESION XXC1).G(1).RHO(5.5).A(25)oLLX(S)oIlfXCS).X(S)
COMMfON4 IFLA~oRR(5oS.25.HRSTI5)d4SET
COMMION 6(5)
Kr = 0
KMt = 0
00 1 1 = .NSET
$(I) = 0.
NA c NRST(I)
00 2 J= !,MR4

JH J + KMt
2 SVI) S(1) + XXWJf)xw2

SC!) SQRTCS(!)1
1 K"H=KM +NA

NR =0
00 1101 !I=d4SET

1101 NR =NR + NRST(I)
IF (IFLAG.EQ.1)

IWRIrE(6818) LXX(JZI#JZ=l.NR)
IFfIFLAG.EQ-1) IIRITE(6,81) ($(JZ).JZ=Z.NSET)

81 FORMAfTLtI0.sT10. 4HXX .5E20-6)
LIn = 0
00 11 1 =1.NSET
Jin I"I
NA NRST(1J
00 12 J=I.NSET
NO = NiRST(J)
RtlO(IJ) O.EO
00 13 K 1.NA
KR K * IMI
00 13 L 1. NO
KS L + inl
KLX (L1-mNA + K

13 RIIO[I.J) = RHOC1.J) -~XX(KAIuRR'I.JKLX)uXY:K8~,SCli/SL.J)

IF I IFLAtG.EQ.2)
IWRITE(6.82*) £.J,RHOCI.J)

52 FORlIRT(1I1O.T10. 411R11( .12,211. .!?e3 H)= XE15-6)
12 JM c JII + NO
11 In = I1 + NA

03) 21 1 = I.NSET
00 21 J = I.NSET

21 fRHO(Jol) = RHOU.*J)
00 22 1 = 1.NSET
00 22 ,J=1.NsEr
IJX = Cd-I JuNSET + 1

22 AUIJX) = RIIO(IJ)
H41= NSETaNSET
If (IFIRG.EQ.1)
1WRITE(6.03i IP(KX3.K)(a1.NNI

83 FORMAr(IHTO.Tl~onR PACKED m.5E15.6/tT20.4E15.6))
CALL IIINV(A.NSET.OET.LLXMltX)
IF (IFLRG.EQ.1)
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IWRITE(6.83) (AIKX).KX:1.NN)
Y ALOOIDET)
!F LIFLAG.EQ.1)

1W4RITEI6e88) Y
88 FORI¶AT(tHG@T10.24H1THE EVALUATED FUNCTION *E20-6)

"ll=EXPLY)
IF( IFLA&.E§.1)
I'IRITE(6,09) Yl

F 88 FORflAT(1HO.TIO#19HTIIE EXP(LOG(DET)) =.E20-6)
I" = 0
IL =0
00 30 1I= 1NSET
NA =NRST(I)

FKU =NA .In
NAM = NA
00 31 K 1.NAfl
Ka = K.* IL
G(KQ) =0.EO
KR K + I

FM a
00 32 J = .NSET
NO NRS(J)

38 I)CJ (J-I~mNSET *I
X(J) =0.00
00 34 KK = 1.N8
KKfl= KK + Al
KXKK = tKK-1)*NA + K
XtlJ z XdJI + A(IXJ)sRR(I.J.KXKK).XXLKKtI)/S(J)

34 CONTINUE
O'LKQ) G(IKQ) *XttJ)

32 dli =t A NB
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Ce

Co THIS IS THE MAIN CALLI#4G PROGR~AM.
ca

OIMlEN61ON RSTI1(10.10).RST12(1O.20).RST22(20.20).REStJTLIO.10)
DIMlENSION TX(1O.1O3.TY(1O.1O).R(303.EIGINL3O3.ATINV(2O.2O)
1 .NT(S.5).NRST(5)
COMMION Ni .N2.N3.N4.N5.0Z.DEIOUI.ftL.NSETS
COMMILON X(25)
COMMION R11L5.5) .R12L5.51.R13L5.5) .R415L.53.R1SL5.5) .R21(5.5i.K22(5
1.5).R23(5.5).R24(5.5),R25(5.5).R31L5.vv3.R32(5.5).R33(5.5).R34(5.6)
2,R35(5.5)
COMMION 341L5.5).R42tS.5).R43L5.5).R44L~s5).R45LS.5).R51L5.5).lW2(5
I .53.R53(5.5).R54L5.53.ii9SL5.5).PRH0LSS.)
REWIND 10
INPUT 10
IOUT 6
0! O.EO
DE = .E0
REROLINPUT.301) IIL.LIflIT.EST.EP6

301 FORMAT2IZI.2E20.61
READ(INPUT.100) NSET6.LNRST(l3.I~I.5)

100 FCRKRT(612)
Ni= NRST(i)
N2 =NRSTL2)
N3 =NRST(3)
N4 =NRST(4)
N5 NRST15)

00 811 J=1.NSETS
NA =NRST(J)
REAO(INPUT.802) (NT(J.I'3.I=1.NA)

802 FORMRT15181
811 CONTINUE

REAO(INPUT.8021 NTAL
00 812 JA~1.NSfTS

812 REAO(INPUT.8131 NO.MIK.t(ATINVLI.J).Ji-.N1-.Io=1.flK)
813 FORMAr(212.L5E20.8))

IF(NSETS-11 2999.2999.2998
2998 IF(NSETS-6) 2997.2999.29139
2999 WXITE(IOUT.2996)
2995 FORMATt1HIJt10,81HTHE NUMIBER OF SETS OF VARIABLES 16 WRONG. CHECK

lIT. AND REENTER THE WHOLE PROGRAMI
PAUSE 1110
GO TO 89

2997 CONTINUE
WRRTE( IOUT.105)

105 FORIIATLItI1.T25.46HTHE CANONICAL-PARTIAL AND M¶ULTIPLE CORRELATIONI
1//T35.14HTHE INP'UT DATAI/////
WRITE(IOUT.608) NSETS.N1.N2.N3.N4.N5



216

608 FORtIATt1HOoTIO.28HTtIE NUMBER OF SETS (NSETS) =.16//T1O.37iITHE t4UM
1BER Of ROWS Of (1.1) SET NI =.16//T1Oo37IHrHE NUMlBER OF ROWS OF(
22.2) SET N2? .16//T1O*37HTHE NUMIBER OF ROWS OF (3.) SET N3 aI 3~16//TIO*SHTIIE NUMBOER OF ROWS OF (4.4) SET N4 a #16//T1O.S7HTtIE N
4UflBER OF ROWS OF 15.5) SET NS = .16)
WRITE(IOUT.4202) MlL

4202 FORDRTL1ItO/TIO,2411T1E NUMIBER OF WEIGHT~S =.16//T1O.14HTIIE R M fAT
IRIX )

REAO(INPUTo1013 (1RlI(I.J).J1l.N2).I:1.N23)

WRIEADIOUT.101) (IR12(I.J).J:1.N2)oI=I.Nl)

3002ONTINUE,01

fffAE(O~lUT.l06) R3(J)J13T.lN3
WRITE(IOUT.106) ((R12(l.J),J=I.N2)ol=l.Nl)

WRITEUOIUT.106) (IR22(I.J).J=1.N233.I1.N3)
IF(NSETS-3) 3003.3001.3003

3003 CONTINUE

REAO(INPUT.101) U(R33LI.J),J'1.N4)I.,1N3)

WRITE(IOUT.106) ((R33(I.J).J~1.N43)#Il.N3)
IF(NSETS-4) 3003.3001.3003

3004 CONTINUE

READ(INPUT.101) U(R25(I.J).J1l.N4).1:1Nl)

REAO(INPUT.1O1) ((R34(I,.J),J1.N5).lt1.N3)

REfWCINPUT.1011 ((R44(I.J).J=1.N4)oI~1.N4)

WfRITE( IOur*iOB) C (R14(l.J),J=1.N4).J=1 .Nll

WRITEICIU7.106) UZR34(I.J).J1.oN4;.Iul.N3)
WRITEUIOUT.106) LLR45LI.J).J:1.N5).1=lN5))

31004 CONTINUE
11FRflAMIPTC4E2O ) t~~IJ.~.5.~.

WR[TE( IOUT.134) kR5IJJlo)IlNl

00 136 IOU1.I1L6 (4(o)J~o~.~
16WRIrE(I0Ur.106) IXI

135 FORMATr4E0.T52H(I.4) .E06
106 L SOMA~ HO.P1(R1.1.REC614.1.Z.2.2.'.~.S.3.3.4.4
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KL~l
£Itim1
IN=2

fl=N2
L=N3
KNN44
KMlNS
CALL RSTAR(RII .R1Z.R13.R14.R1S.R22.R23.R24.R?S.R33.R34.R35.R44.R45

I.RSS,RSTII.RST1Z.R8T22.N.fl.L.KN.Ktj.NSETS,IOUT)
10 CONTINUE

CALL lIATIVCRST22,fl.O.DETRfl.IO.IOUT)
NN 1
CALL TRILW(RSTII.N.TX(.TY.IIK.N14.02.A7iNV.IOUT)
CALL IIULT2( TXRST22.RST12,N.fMK.H.RESUT.OZ.1OUT.IKL)
DO 60 I=1.flK
DO 60 J=I.lIK
IJ=[JmtJ-1I)/2 +

60 EIGN(IJ)=RESUT(U.J)
CALL EIGEN(EIGNoR*MK,(O)
WRITE(IOUr.102) KL.EIGNtl)

102 FORMAT(tIO.Tl0.3tITHE.13o12t1 EIOEN-VALUE //CTlOtSE20.6))

120 FORhPr(IHO.rlU.Z7HTHE ASSOCIATED EIGEN-VECTOR //aTlO.SE2C.6))
RHO= SQRTL POS(EIGNLI))
WRITE(IOUT,111) Mt1IN

III FORMRrUNHOrlO.38tITHE CANONICAL-PARTIAL CORRELATION, SET.I2*7fl VS
ISET.12,1811 GIVEN THE OTHERS

WRITEUIOUT.103) PRtIOLIIIIN)
103 FORrRAfI10.20.20.6)

IF(NSETS - 2) 4000.11.4000
4000 CONTINUE

GO TO (1.2,3.4.5.6.7.0,9.11i.KL
1 CONTINUE
KL=KL 1
IM = 1
I N=3
N NI
MI N3
L N
KN =N4

KHzN5
CALL RSTAR(RLR1.R13.R1?.R14.RI5.R33.R32.R34.R35.R22,R24.R25.R44.R45

I.R55.RSTII.RSTI2,RST22.NI1.L.KNdI1.NSETS.IOUT)
GO TO 10

2 CONTINUE
Ir. 2
IN 3
N N2
11 N3
L NI
I(N N4
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KMI = N45
CO~LL RSTPR(R22.R23.R21.R24.R25.R33.R3l.R34.R35.R1I.R14.RI5.R44.R45
1.RSRS5.ST~I.RSTI2.R6T22,N.fl.L.IKN.IU¶N6ET6.IOUT)
GO TO 10

3 CONTINUE
IF(t4SETS-3) 4004.11,4004

4004 CONTINUE
KL KL +I

InI I
IN 4
N Ni
M N44
L =N2
KN1 N43
Kfl NS
CALL RSTfR(R~lU R14.R12.R13.IRi5.R44.R42.R43.R45.R22.1R23,R25.R33.R35
l.R55,.,ST~i.RST12.RST22,Nfl.L.KNK.KtSET6,I0UT)
DO TO 10

4 CONTINUE
KL =KL 1
Ill = 2
IN =4
N = N42
HI = N4
L =Ni
I(N =N3
Kfl= NS
CALL RSTAR(R22.R24.R21.R23.R2S.R44.R41.R43.R45.RI1.R13.RI5.R33.R35
I.RSS.RST1I.RSTI2,RST22.Nfl.LKNoK11.NSETS.IOL'T)
GO TO 10

5 CONTINUE
KL KL + 1
InI 3
IN 4
N N43
M N44
L. Ni
KN4 N2
KM 145
CALL RSA(3,3o~o3o3o4.4.4,4,I.Il.2s2
I.R55.RST~I.IRSTIZRSTZ2.N.fl.L.I(N.Xt.NSETS.IOUT)
GO TO 10

6 CONTINUE
IFINSETS-4) 4006.11.4006

4006 CONTINUE
KL= KL +1
In = 1
IN =5
N N1
Mi 14
L N2
KN = N3
KM = 144
CALL RSTAR(RII .RIS.R1Z.R13.R14.R55.RS2.R53.R54.R22.R23.R24.R33.R34
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l.R44,RST11.RST12dIST22.N.iP,L.KN.ftf.NS1ET6.IOUT)
GO TO 10

7 CONTINUE
ML = L + 1

IN =
N = N2
MI = NS
L = NI
MN N3
KM = N4
CALL RSTAR(R22.R25.R21 R23.R24.R55.R5l .R53.R54.RI1.R13.R14.R33.R34
I.R44.RST11.RSTI2.R3T22.Nd.ML.KN.KMHN6ETS.IOUT)
GO TO 10

6 CONTINUE
KL ML *I'

IN 5
N =N3
M N'
L Ni
MN M2
KH N4
CALL RSTARR33.R35.R31.R32.R34.RSSRSI.R52.R54.R11.R12,R14.R22eR24
I.R44.RSTII.RSTl12.RST22.N.M.L.KN.KMt.NSETS.IOUT)
GO TO 10
9CONTINUEI
III 4
IN 5

N N4

L NI
MN N2
KH N3
CALL RSTARUR44,R45.R4I .R42,R43.RSS.R51 .tS2?R53.R~l.IU2.R13.R22.R23
1.R33.RSTIl.RST12,RSTZ2.N.tt.L.KNKMI1NSETS.IOUT)
GO TO 10

11 CONTINUE
ML = L 1
CALL PARIIOLPRIIO.IN.IOUT)

WRITE( IOUT.iiii)
1111 FORMT(IHrIIi
1131 CALL tIULCR
99 STOP

END
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C
SUBROUTINE SWAP1lRT12,RT13.RT14.RTIS.RT21 .Rr23.RT24.Rr25.RT31 .RT32
1 .RT34 .RT35.RT41 .RT42.R143.RT45.RTS .R152 .RT53.RT54)
DXIMENSION RT12L5.5).RT13(So5).RT1415.5).RTIS(5..5I.RT21(5.5).RT23(5

1.51 .RT24i5.51 .RT25LS.5 1 RT31[5 .5 ).RT32( 5.5).Rr34(5 .5) RT3S(5 .5)*
241(5.5i.RT42(5.5J.RT43[5.5).RT45(5.5).RT51(5.5).RT52(5.5)oP.ýý,5.5
3) .RTS415.5)
COMMION NI .N2,N3.N4.NS.O!.OE.IOUT.flL.NSETS

DO 10 J=.NAR13IJ

00 10 J=1.N3
10RT32(J.I)=RT123(1J)
IF(NETS - 2) 200.9.2100

20CONTINUE
00 13 I=1.t41
00 13 J:1.N3

14 RT42(J.I)=RT14(I.J)
00 15 I=1.N2
00i 15 J=1.N3

12 R432(JoI)=fRT34u.J)
IF(NSETS-4) 210.99,211

211 CONTINUE
D0 16 I1l.N1
00 16 J=1.NS

16 RT51tJ.I)=RT145U.Jl
00 14 1=1.N2
00 17 J=1.N5

17 RT42(J.I3=RT24(I.J)
00 18 I=1.N3
00 15 J=1.N4

15 RT53(J.I)=RT35(I.J)

00 19 1=1.N4
00 16 J=1.N5

19 R14lfJ.I)=RTl5U.J)

17 RT5(JlURN5(.J
001NO =.N
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SUBROUTINE RSTARRRS11.RS12,RS13.RS14.RSIS.RS22.RS23.RS24.RS25.RS33
I.RS34.R63S.RS44,RS45,R'S55.RST1I .RSTI2.R6T22,NN.Nfl.NL.NKN.NK~i.NGETC
2.IOUT)
D~IMENSION RS11'%5.S) .RS12(5.5).RSi3L5.5)oRS14(S5).1RS15L55.).IRS22(5
1.5) .RS23(5,5) .RS2415.5) .RS25(5.5) .RS33(5.5) .R834L5.5) .RS35(5.5) .RS
244(5.5) .RS4S(5.5) .iSS5S(5.5)
DIMlENSION WORK1L5.5).WORK2(5.5).N0RIK3LS.5)
DIMlENSION WORIK4LlS.15).o40RK5i1545S).WORX6(1S.15)
DIJMENSION RSThIIu0.10),IRsT12(10.20).Rsr22(2o.2o)
DIMiEN61ON PRK331~0,20)
DIMENSION rAK13S.15).PAK23(5.1S
DATA HORKIU.W0RV?.W0RK3.PAK13.PflK23/225m0.E0/
DATA WORK4.WORK5.WORK6/6?5u0.E0/
DATA PAK33/400u0 .EO/
IF(NSETS - 2) 300,96,300

300 CONTINUE
00 30 I=1.NNI
00 30 JzlNL
PAK13( I.J)=RS13 I .J)

30 CONTINUEI
00 31 Iz1.Nfl
00 31 J:1.NL
PAK23(lI.J =RS23( I.J)

31 CONTINUE
00 32 I=1.NL
00 32 J=1.NL

32 PAK33Uf.J)tRS33(I*J)
ViNSEVS-3) 301.96.301

301 CONTINUE
00 33 I=1.NN
DO 33 J:1.IPNK
INKN =NL + J
PAK13(1.I NKN)=RS14( I.J)

33 CONTINUE

00 34 J=I.NKN
INKN =NL+J
PAI(23( I.INKN)=RS24 I .J)

34 CONTINUE
00 3 1.NL
00 3 1 Nl(N
INKN =NL + J
PAiK33(1I.INKNI=RS34( I.J)

I5 PiAK33( INKN.I )=PAIK33( I.INKN)
DO 36 I=1IoiKN
INKN =NL + I
DO 36 J=I.NKN
JNKN =NL +4

36 PAX33UINKN.JNKN):RS44(I.J)
IF(NSETS-41 302o96,302

302 CONTINUE
INNKM= NL +N1KN
00 37 I=1.NN
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00 37 J=1.N(N
INKM = INNK?1 + J
PRK13CI I .NKf)=R$15(1I J)

37 CONTINUE
00 38 I=1.Nfl
00 38 J=1.NKfl

PflK23(1l ,NKfl1=RS25(1I J)
38 CONTINUE

00 39 I=1.NL
00 3S J=1.NKfl
INKII= INNKfl + J
PRIK33( I INKfl)=RS3511.J)

39 PRK33(INKII.I )=PAK33fI.INKfl)
00 40 I=1.NKN
INKN =NL +I
00 40 J=1.NKMf
INKtI= INNKM + J
PAK33L INKNINKfl)=IS45(1I.J)

40 PAK33(IN)Q1.INNI=NPAK33(INKN.INKfl)
00 41 I=1.NKfl
INKII = INNKfl + I
00 41 J=1.NKII
-INKM = INNKM +

41 PRK33(INKM.JNKM)zRSSS(I.J)
96 CONTINUE

N345 = NL + NKN +NKtI
CALL I1RTIVI PRK33.N345.O.DETRfl * 0.IOUT)
00 4'1 I=1.NN
00 42 J=1.N345
00 41E K=1.N345

42 WORK4CI.d)=WORK4(I.Jl PAK13LI.K)NPPK331K.Jli
00 43 I=1.NN
00 43 J=1.NN
00 43 K=1.N345

43 WORK1(1.J) H0R1(1MIJ) + NORK4CI,K~xPAK13(J#K3
D0 44 1=1.NN
00 44 J=1.NN

44 RST1I(I.J) =RS11(I.J) - WORI(K1I.J)
00 45 I=1.Nti
IJ0 45 J=1.N34S
00 45 K=1.N345

45 WORK5[1.J) =WORK51I.J) + PflX23:.KuwPAMK3*KJ)
00 46 I=I.Nt1
00 46 J=1.NII
00 46 K-I .t345

46 WORK2(IJ) = WORK2LI.Jl + iJORKS(I.KWmPK23CM.)
00 47 1=1.Ntl
00 47 j=1.NlI

47 RST22(l.J) =RS221I.J) - WORKZ(I#J)
00 48 I=I.NN
')0 48 J=1.N345
00 48 K=1.N345

48 WORK6dI.J) WORK6I.J) + PAK13(I.K)mPAK33(X.J)
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00 49 1=1 4NN
00 49 J=1.Nfl
00 49 K=1.t4345

49 I4ORKS(I.J) = ORft3L1@J) + W0RK6CJ.K)*PAK23(J.K3
00 50 I=1.tNN

RST12(I.J) =R612(1#J) - I10RK3tl.J)
50 CONTINUE

WRITEt IOIJT*l01)
101 FORnAML1IO.T1O,1GIITIE R - STAR SET

WRITE( IOUT.1O2) (LR6T11( I J) .J~Z.NN) .I~1 NN)
WIIRTE(IOUT.102) ((RST12CI.J).J=1.Nfl).IzlNN)

102 FORHATLHO.TIOE20.6)
RETURN
END
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SUBROUTINE IiATIU(floN1oM.0lETRfl.I0.I0UT)
OIMIEN61ON RS5.(.1IOX53
ECUIVALENCE (IROH.JROM).( JCOLf.JCOLIII.(AfRX.T.SI4PPP)
IOUT =3
DE=l .EO
0Z=0 .EO
f=l=1
N=zN
0ETRfl=0E
00 20 J=l.N

20 INOEX(J.31=DZ
00 550 I~1.N
RflRX=OZ
00 105 J=l.N
IF(INOEXhJ.3)-11 6Co105.60

60 00 100 =I1.N
IF(INDEXIK.33-ll 80.100.715

80 IF(AMAX-ABSCAWAM)) 854100.100
85 IRONzJ

I C0LM-K.I
RflRX-zBStA(JKi)I100 CONTINUE

105 CONTINUE
IN0EXC ICOLM.3)=lN0E>XLICOLfl.3).1
INDEXC 1.1)=[ROW
INDEX C1.2 )=ICOLfl
IlfIROW-ICOLfl) 14C.310.140

140 DETRM=-DErRn
00 200 L=1.N
SNRPPFAC 1R014.L)
AL IROW.L)=AL ICOLII.L)

200 ACICOLM.L)=SI4RPP
IFtUM) 310.310.210

210 00 250 L=1.1l
SNAPFP=BC IfONt)
BC LR0I'J.L)=8 [COLfl.L)

250 BC ICOLM.LI=SWAPP
310 PX'/OT=AtI0Lfl.IC0Lt1)

0EtTRM=OETRlMvPIV0T
AC [COL1,JCOLt1)=0E
00 350 L=1.N

350 flIlCOLt1.L34ALIC0Lfl.L)/PIVOT
IF(Ml) 380.380,360

360 DO 370 L~1.fl
370 5LZC0Lt1.L)=8(ICOLfl.L)/?IVOT
380 00 550 L1=1.N

IF(L1-ICOLM) 403.550.400
400 T=A(L1.ICOLfl3

ACLl .ICDLMl)=02
CO 450 L=1.N

450 A(Ll.L)zA(L1.L)-R(Ic0LM.L)mr
IF(I) 550.550.460

460 00 500 L=1I*M
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500 8(1.1.L)=9(L1 .L)-8( ICOLII.L)wT
550 CON4TINUJE

00 710 Im1.N
L=4*I.-I
IF! INDEX! 1.1)-INOEX(L.2)) 630o71O,630

630 JRH=HIN0EX(L.I1
JCOLfl=INDEM'..?)
DO 705 K=I.N
SI4APP!9C K JRaI1)
R(K.JRONI=ACK.JCOLfl)
AC K JCOLlI 3zSW4PP

705 CONTINUE
710 CONTINUE

00 730 K=1.N
IF(INOEX(K.ShlI) 715.720s715

715 10=2
GO TO 740

720 CONTINUE
730 CONTINUE

10=1
740 CONTINUE

WRITE! IOUT.1055)
1055 FORIIRTtlHO///TlO.141ITlE INVERSE 163

00 833 I=I.N
833 WRITE(IOUT.101) (AII.J).J=1.N)

101 FURMATLIt1O.T10E20.6)
WRITE! IOUT.111) OETRfl

III FORtIATL(IHO.TlO.1IHTHE OETERtIINANT #E20.6)

ENO
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SUBROUTINE tIATIY[A.Nldll.OETRtI.10.JOUT)
OIMIEN61ON AZ.0.L0l.NELO3
EQUIVALENCE (IROI4.JROW).LICOLh.jC0LM).LAflAX.T.SWAPPI
DE=1 .EO

OETRM=OE
00 20 Jzl.N

20 INOEXCJ.3)=0Z
00 550 I~l.N
AflAX=DZ
00 10$ J=1.N
IMMIOEXLJ.33-11 60,105,60

60 00 100 KI1.N

80 IF(Rt¶AX-ABS(ALJ.IK))) 85.100.100
85 IROW=J

I COLI1=K
AflAX=A8$(A(J.K)1

100 CONTINUE
105 CONTINUE

INOEX( ICOLII.3hItNOEXL ICOLfl.3)+I
INDEX( 1.1 )=ROW
INOEX(1I 2)=IC0Lfl
If(IROW-ICOLtI) 140.310,140

140 OErRM=-OETRn
00 200 L:1.N
SWAPP=RL IROW.L)
A~l R0WL1JfU IC0LI.L3

200 Al [COLt.L)=SWAPP
XF(MI) 310,310.210

210 00 250 L=l.t1
SWRPP=B( IROW.L)
8( IROW.L)=L IC9LIIL)

250 8iIC0LM.Lj=SWAPE'
310 PIV0T=A~lCOLM.ICOLII)

OETRt10ETRl~sPIVOT
AL IC0Li. lC0LflJ=OE
00 350 Lzl.N

350 Al[COLfl.L)=AtICOLf.L)/PlVOT
IF(I) 380.380t360

360 00 310 L=1.t1
370 8(lI0Lfl.LJ=B(1C0Lt1.L)/PIVOT
380 00 550 L1=1.N

IFLL1-ICOLtI) 400.550.400
400 T=RIL1.ICOLfl)

AiL1.IC0LM)'=0Z
00 450 L=1.N

450 A(LlI.L)=A(L1 .L)-AL ICOLfl.L)wT
IFtfl) 550.550,460

460 00 500 L=1.fl
500 8(L1.L)rb(L1.L)-BCICOLtI.L)uT
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550 CONTINUE
00 110 Im1.N
L:N*1-I
IF(INOCXILL#l)-INOEXLL.2J) 630.710.630

630 JROW:It4OEX(LLl)
JC0LII:!N0EX(L.?)
00 705 K:1.N
SMAPP:P(K.JROW)
AIK*JROIO)=A(K .JCOLn)
AL K.JCOLnl)=SI4RPI

705 CONTINUE
710 CONTINUE

00 '730 K=1.N
IF(ItdOEXLK.33-1) 715,720.715

715 10=2
GO TO 740

720 CONTINUE
730 CONTINUE

10=1
740 CONTINUE

WRITEC IOUf.1055)I 1055 FORnRr(ItI///T1O.14IITII INVERSE 1S
00 833 I=1.N

033 WRITE(IOUr.1O0 1 L.J.:1N
101 F0RMRT~tIO.T1O.5E20.6)

WRITE(IOUT.111) OETRII
III FORM~RT1HO.rlO.I7HTHE DETERMINANT .E20-6)

RETURN
END
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SUBROUTINE TPILI4(A.N.TX.TY.J1K.NN.OZ.ATINY.IOUT)
DIMlENSION (1.0.100)*)1.13.(1.0.U O13V .0)T
1(10.10) .TY(10.10) .ATINV( 10.10)
DON I .E-3
DO I1=1N
00 4=J10H4
ATINV( I.J)=OZ

00 965 I=1.N

DO 10 I=1.N

00 11 K=2,N
13 CONTINUE

IVLI) 15.16.15
15 00 12 J=1.N

A(K.J)=BLK.J)-P( I.K3uV(I J

VLK.J)=A(K.J)

12 CONTINUE

0O TO 13

00 19 LJ=1.N
IF(ABSIU(K.KU)-DON) 26.26.25

25 P(K.LJ)=J(K.L.JJ/U(K.K)
O(K.LJ)=V(K.LJ3/U(Ko.K)
GO TO 19

9P(k.LJ):OZ

Q(K.LJ)=OZ
1B CONTINUE
11 CONTINUE

00 18 Iz1.N
USQRT=SQRTtABS(U( 1.1)33
IF(USQRT-OON) 18.18.1

1 00 18 ,J:1.N
U( [.J)=U I .J)/USQRT
Vt I J)=Vl I J)/IUSQRT

18 CONTINUE
GO TO (91 .92.913.NN

91 CONTINUE
WRITEC IOUT.100)

100 FORMRT(fiHO.T20.38HT11E TRIA~NGULAR MARTRIX IS AS FOLL14ING I
00 96 I=1.N
IFUABS(U( 1.13)-DON) 96.96.95

95 WRITE(IOUT.101) (VLI.J).J=1.N)
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96 CONTINUE

GO TO 87
92 CONTINUE

00 991 1=1.m
00 991 J~1.N
IF(gBSZUll.J))-OON) 8824992.991

992 U(1.J)=07
991 CONTINUE

1481TEL lOUT .225)
225 FORrIRT(IMO.TZO.16tlTHE T' MIATRIX IS I

00 20 I=1.N
IFtA8S(UJL .1) )-OON) 20.20.21

101 FORflATL(IHO*T1O.5E20.6)
20 CONTINUE
97 MK=(N

I1=
IF(ARSIUlI.I))-OON) 32.32.31

31 LK=1
41 CONTINUE

GO TO 1222.221.222).NN
221 00 33 Jý-1.N
33 TX(LK#.J-zULI.J)

GO TO 4C
222 CONTIN'JE

00 223 J=1.N
223 TX(LK.JPY(I.Jl

GO TO 40
32 I=1.1

MK=MtK-1
IF(I-N) 53.53.37

53 CONTINUE
IF(ABS(UfI.I!J-D0N) 32o32.31

40 1=1+1

IFH -NJ 35.36,37
36 IF(RBS(Utl.I)i-DON) 42.42,41
42 1=1+1

t1K=1K-.1
IF(I-N) 50.50.37

50 CONTINUE
!FfR9S(U(I.1))-DON) 42o42.*41

37 CONTINUE
IFtIMKI 60,61.60

CC CONTINUE
L00 55 1=1.11K
00 55 J=1.N

55 TY~I-JI=TX(I.J)
IF(NN-3) 99.98.99

98 CONTINUE
00 234 1=1.N
00 234 J=l.N

234 ATINV(1.J)=DZ
00 ".35I1.l
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00 235 J=I.MK
00 235 K=I.N

235 ATINV(I.J)=ATINV(I.J) +TX(X.KluTYCKoJ)
GO TO 99

61 MRITE(IOUT,103)
103 fORnATrl1o.T30,48MTHE MAIN DIAGONAL ELEMENTS OF HTE flATRIX ARE ALL

I //T31.47H ZEROS. TERMINATE THE EXECUTION OF THE PROGRAMl
PAUSE 1111

99 RETURN
END
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SUBPOUTINE OEPOVIA.N.DETRM)

olh..NSJON Als.5)

1 00 10 I=K.N

AL I J)=A( I.qJ)-AlL.JJURATI0
10 CONTINUE

IF(K-N) 15.20.20
15 L=K

00 21 I=1.N
DETRI1=OETRt1.AL 11)

21 CONTINUE
RETURN
END
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C
C
C SUBROUTINE MULCR
C

Co
Co THIS SUJBROUTINE IIULCR IS TO CALCULAIE THlE CANONICAL-MULTIFLE
CE CORRELATION.
Cy- SUBROUTINES PACI(A. IIATIV. MULTIEIGEN. AND MANUP ARE CALLED TO THI
Ca PURPOSE..
Co

C
SUBROUTINE IIULCR
DIMlENSION FRHOTL5.S).RST1ll.5.).RST12L5.20),RST22t2O.2O).RESUT(20*
120) .AMRflO(5),A(25),RSTY(25)
COMMtON N1.N2.N3.N4.N5.OZ.DE.IOUT.flL.NGET6
COMMON X(25)
COMM~ON R1I(S5)5.R2125.5).RI3LS.S) .R14LSS.).RZS(5.5).RZIlS.S).R22(5
1.5).R3L5.5).fRZ4L5.5)sR25(5.5).R31(5.5).R32(5.5J.R33L5.5),R34L5.5)
2,R35L 5.51
COIIH¶4 R41(S.S) .R42(5.5) .R43L5.5) .R44i5.51.R45(5.5) .R851LS.)R5?(5
1 .5).k5315.5)sRS4(5.5)oR515*5).PRHIOC5*5)
KL~ 1

10 CONTINUE
GO TO Llo2.3.4o5.*KL

I CONTINUE
CALL PACKAiR11 .R12.R13.Rl4.Rl5.R2??,R23.R24.R25.R33.R34.R35.R44.R45
I.RSS.RSTfLI.RST22.RST12.NI .N2.N3.N4.N5.NSETS. LOUT)

C

Ca
Cu THE SUBROUTINE PACKA IS TO PACK THE ORIGIINAL R-MATIRX INTO A
Co NEW MIATRIX FOR CALCULATING THE CANONICAL-MULTIPLE CORRELATION
Cm WITH THE R~lm.R12m.R21m R22w AS THE !NPUr MARTRICES.

cm

NM=N2+N3+N4.NS
CALL MATIV(RSTZ2.Nfl.0.DETRII.IL),IOUT)

C

Co
Co THE SUBROUTINE M1ATIV 16 CALLED TO FIND THE INVERSES OF Rlu. AND R2
Cm

C
N =NI
CALL t1ULT1LRST11.RST22.RST12oNNfl.RESUT.DZ.IOUT.KL)
GO TO 50

2 CONrIqUtJ
CALL rACFnLR2?,R21.R?3.R24.R?5.Rlu.Rl1.R14.RI5.R33.R34oR3%O.R44.R45

1.R$5.RSTI1.RST22.RSTI2.N2,I.Nlo3.N4.N5.NSET6oIOUT)
NM NIi. N3 + N4 +NS
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CALL flATIV(R6T2Z2NM.O.DETRfl.I~oIOUT)
N=N2
CALL flULTI(RST11.KST22.RST12 9N.NMoRESUT.0Z.IOUT.KL)
0O TO 50

3 CONTINUE
CALL FACKA(R33 .H31 R32.R34.R35.RI 1.R12 .R14.R1S.R?2 .R24 .R2S.R44.R45
leRS5.RST11.RST22oRSTI2.t43oN~eN2eN4.N5.N6ET6,IOUT)
NMNlI+N N2+N4.NS
CALL IIATIV(RST22,NI¶.0.OETRM.IO.IOUT)
N=N3
CALL flULTI(RST11.R8T22.RST12.,NoM.RESUToOZ.IOUT.KL)
GO TO 50

4 CONTINUE
CALL FACYA(R44.Pil.R42.R43.R45.R11.R12.R13.R15.R22.R23.R25.R33.R35
I.R$SSRSTI1.RSTZ2.RSTl?.N4.N1.N2oN3.NS.NSETSoIOUT)
Nfl=N 1 N2tN3.NS
CALL rIATIV(RST22.Nn.O.OETRII.IO.IOUT)
N=N4
CALL MULT1(RSTII.RST22,RST12.N.NM.RESUT.OZ.IOUTt(L)
GO TO 5O

5 CONTINUE
CALL PACKA(RSS.RS1 .R52oRR53A54.R1I .R12,R13.R14oR22.R23.RE4.R33.834
1.R44.RSTII.RSTZ2.RST12.NS.N1.N2.N3.N4.NSET6olOUT)
Nfl=N 1 N2vN3+N4

CALL IIATIV(RST22.Nfl.000ETRtI.IOIIOUT)

CALL flULT1(RSTII.RST22.RSTI2.N,Nfl.RESUT.DZoIOUT.KI(L
50 CONTINUE

00 180 hi1.N
00 80 J=I.N
Ii~tJuLJ-1))/2 + I

80 A[IJ)=RESUT(I.J)
CALL EIGEN(ARSTY.N.0)

C

Co THlE SUBROUTINE EIDEN IS FROM SSP WHICH AILL BE UC.EO TO FIND THE EIG
Ca VALUE AND THlE EIDEN-VECTOR FOR THE~ SYMIIETRIC MATRIX.
Co

Ce
Ri SQRT4'ABS(fU1)))

101 FOFRMATtl,13.TlO.3t1THEoI3*1?ll EIGEN-VALUE //TIO.E2O.6)
WRITE(IOUT.120) (RSTY(I).lI1.N)U 120 FOPIIRTtIHO.TIO.16HTIE EIDEN-VECTOR //(T10.5E2O.61)
WRITE( LOUT .112)

112 FORMAT~ I10.T1O*34HTHE CANONICAL-MULTIPLE CORRELATION I/
WRIIE(IOUT.102) RHOii102 FORMATI1HO.TIO.5HRHO .E20-6)
AMUROC IL )=RIO
KL=KL+1
IFKL-NSETS) 10.10.98

99 CONTINUE
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KLLtKL- 1
WRITE(IOUT.222) LAI1URO(1).1=I.KLL)

222 FORMAT(1HO.TIO,41HTHE CPNONICAL-MULTIPLE CORRELATION MIATRIX //T1O
1.5E20.6))

C

CH
Co THE SUBROUTINE lIANUP 16 TO FIND THE NORMIALIZED CORRELATIONS BY
Ca MULTIPLY EACH OF THE CANONICAL-PARTIAL BY IT6 APPROPR~IATE CANONICAL
Cm MULTIPLE CORRELATION4S. I.E. -RHOLI.J)/SQRTLL1-AflURO(I)sa2)nC1-AflURO
Co

C
CALL ?IRNUPU'RHO.FIIURO.KLL.IOUT)
00 1119 I=1IKLL
00 1119 J=1.KLL
PRHOT I .J)=PRHOI 1 J)

1119 CONTINUE
CALL M1ATIU(PRl10T.ILL.O.0ETRf~l.D.I3UT)
CALL PAOJSiPRI1O.KLL.IOUT)

1132 CALL RIIOCT
1133 RETURN

END
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SUBROUTINE PACKA(RT11 .RT12.RT13.RT14oRT15.RT22,RT23.RT24.RT25.RT31
1.RT34.RT35.RT44.RT45.RT55.RST1I.RSTZ22RST12.NMflL.KN.Kfl.N6ET6.IOUT
2)
DIMIENSION RT11L5.5).RT125.5).Rr13LS.5).Rr14(5.5).RT15(5.5).RT22(5
1.5).RT2315.5).RT24L5o5).RT25(S.5),RT33(5.5).RT34L5.5).RT35L5.51,RT
144(5.5) .Rr45C5.53 .RT55l5.5)
DIMIENSION RSTI1(S1.5).RST12S.20).RST22(20,20)
00 10 I=I.N
00 10 J=1.N

10 RST11CI.j)=RIIl(I.J)
00 11 J~1.N
00 11 J=1.fl
RST12(lo J)=RT121 I.J)

11 CONTINUE
00 13 1I1.fl
00 13 J=1.fl

13 RST22CIJJ=RT22Lr.J)
IF(NSETS - 2) 300.S36.30

300 CONTINUE
00 12 I=1.N
00 12 J=l.N

jj=K
RST12LI.JJ) =RTl3(I.J)

12 CONTINUE
00 14 I=1.fl
00 14 J~l.L
JJ =i M. +
RST2?11I.JJ)±RT23L I.J)

14 ftST22(JJPI) =RST22LIPJJ)
00 15 I=1.L

00 15 J=j.t

15 RSr2211.JJ)=RT33(l.J)
MMf = M+
1Ff NSETS-3) 301 .96,301

301 CONTINUE
00 16 I=1.N
00 16 J=1.KN
JKN = MM + J
RST22( I JKN)'=RT14( I J)

16 RST12(JKN.I)=RST12tI.JKN)
00 17 1=1.,M
00 17 J=1.KN
JKN = MMl J
RST22(1I JKN )RT24( Led)

17 RST?22JKN.I)=RST22(1@JKN)
00 18 I=1.L
11=M
00 18 J=1.KN

lii = MM+J
RST22( II.JJ)=RT34L1*J)

18 RST22(J.Joll)=RST22LII.JJ)
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M"l = Mf+ L + ftN
IFINSETS-41 302,96.302

302 CONTINUE
00 118 1=1.N
00 118 Jz1.KMf
JKII = MM J
RST12 I .JKf1)=RT5IS .J)

00 I1 1m1.KN
00219 J=1.Kf

RST22( I. JKt)=RT25( I.J)
219 RS22(JJKn.I1)=RS722Z(1# JJQ)

00 20 Imfl.

22RSr22UI1.JJKM=RT355u..f

11n =i M L t I(N.K

101 FO (liRT~I.JJ =T405E0.6)
21RETURNKM1)RS2(1.J
00221NDf
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SUBROUTINE. IIANUPL PRIIO .AfURn.KLL. TOUT)
DIMlENSION P3HO(5o5).AflURO(5)
DEs) .EO
00 10 1=1.XLL
FRJIOC 1.1 3FR1O( 1.1 /(DE-AIIURO( I~m.?)
00 10 J:1.KLL
IF(J-J) 11.10.11

11 PR~jOt[.Jm-PRl1O~r.Jh/8QRTLC0E-RnUROUI)K2) (COE-AMURO(J)um2)I
10 CONTINUE

I4RITE( fOITdOO0)
100 FORIAT(lIHO.T1O.261T11E.NORflRLIlEO CORRELATION

00 12 I=I.KLL
I4RITELIOUT.101) (FRIIO(I.J).Jxl.KLL)

101 FORfRT~ltlO*TlO,5E20.6)
12 CONTINUE

RETURN
END

C
SUBROUT1NL-PARHO( PRIIO.18,INOUT)
OIMEN61ON PRIIOCS.5)
00 10 I=l.JN

10 PRHt1lI.1)=1.EO
I JN=IN-1
00 61 1=1.11"

00 61 J=II.Jt4
61 PRHO(JtI)=PRI1OL1.J)

106 FORflATHHO.T1O.28t1TtE CANONICAL-'PARTIAL MIATRIX
00 62 J:1.IN
WRITE(IOUT.109) (FRHO(IJ)@J~z1,IH)

109 FORflAT(IHO.T1O.SE20.6)
62 CONTINUE

RETURN
END
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C

SUBROUTINE flULT2(TX.RST22.RST12,.t4IK.fl.RESUT.OZ.IOUT.NLI
DIMlENSION TX(10.IO).RST22t20.2O).RST12(1O.20).RESUI'(20.201
OJIIENSION I4ORK1(10.20).DIRK2(20.201
DATA ILORKI(.I4RK2/500u0.EO/
00 1113 1=1.10
00 1111 J=1011?

1111 RESUT(J.J3:O.EG
00 11 3I=IK
00 31 qJ::Id
00 11 K=1.N

11 WRK1(1eJ)=WORK1CI.J)*TX(1IK)URST12(KeJ)
00 12 J=1.flK
00 12 J=3.11
00 12 ft=1.f

12 WORK2(I.J3?.WORK2(1.J~e4IORKItI.K~mRST22(K.JI
DO 14 JI1IflK
00 14 .J=1.fK
DO 14 K~1.fl

14 REUt,)RSTIJtOK(.~WRIJK
WRITECIOUT.1011 KL

101 FORflRT(lH1o.T1O.ATHE.13.42t1 MATR~IX FOR CANONICAL-PARTIAL CORRELAT!
)ON
00 15 JI.tK

102 rORMAruno0.riO5E20.6)
15 CONTIUE

RETURN
END
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SUBROUTIN4E IIULTI(RSTII .R5T22.RSt'12.N*fldRESUT.0Z.WOUT.KL)
DZIMENSION RSTZ1LS.51.R6T22(20.20) .RST12(5.20).RCSUT(20.20)
DIMlENSION 140RK115.20).WORnM20.201
DATA WORKI .WORK2/SO0uO.EO/
00 10 1=1,10
DO 10 &n1.10

10 RESUT(I.J3=DZ
DO 11 11I,N
00 11 J=1di
00 11 K=1,N

09 12 11.,N
DO 12 J=1.fl
00 12 K=1.fl

12 IW0RK2(.J3=ORK2(I.J)W0RK1iI.KluRST22UK.J)
00 14 frnl.N
DO 14 .J=1.N
00 14 K=1.3

14 RESUT(I.J) = IRESUTL1.J) * WOR1K2C1.KlugST12(J.K)

101 FORflATE1HO.TIO.3IITHE.13.4211 MATRIX FOR CAlNONICAL-MlULTIPLE CORRELAT
lION I
0O 30 I=1 .N

30 WRITE[IOUT.102) (RESUT(I.l.J),1~.N)
102 FORMATI10.T10.5E2O.6)

RETURN
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SUBROUTINE RIIOCL(RtIO.X.XX.R12,R13.R14.RIS.R23.R24.R2S.R34.RSS.R45.I. lfNI .fKIMK2 K3.flK4.lKSIENO)
DIMIENSION Xt25).XX(25).R12t5.5).R3135.5).R1415.5).RiS(S.5).R23tS.5
1) .R24(5.53 .R25(S.5) .R34C 5.53 .R35(5.5).R45L5.53 .RIO(5.5)
fl22flKIflK?I fM3 = M2 * 11K3
M14 =M3 + 11K4
00 30 K=1.11K2

00 30 KK=1IKI

30 CONTINUE
IHEND - 2) 89.91.89

89 CONTINUE
00 31 KIl~floK3

DO 29 KK=1.MKIKI RHO(1.31=R110(1.31*XLXK)uR313KK.KI~xIMX 12I)/(XX(1)uXXC31)
29 CONTINUE

00 28 K=1.flK2

Rt1G(2o3=RtC1C2.3!.)CMflh1 PR23(K.KI ~uX(tI2)/(XXt2)wXX(311
28 CONTINUE
31 CONTINUE

IF(IENO - 3) 90.91.90
90 00 41 K=1.1IK4

M113 = h3 + K
DO 42 KK=1.M1(I

42 RIIO(1.4) z RH0(1.4) +XLXK)uR14LIKK.K~mXX(flI3),LXX~l)uXXL41)
DO 43 dlK=! C
till = tiKI +

00 44 KK=1I1hK3
M112 = Mie +

44 RHOf3.4) =R110L3*4) + X(Ml12)mR34(IKKK)u)'(fl31/(XX(3loXXt4lI
41 CONTINUE

IFH ENO - 41 92,91,92
92 00 51 K=I.IIKS

M114 = M4 + K
00 52 MK=1.MIIK

52 R0L.)= RHI10(,5) + X(KK)uR15(HK.KIwXO114)/(XX(1)UXX(5)1
00 53 K=1 .1K2
flIl = KKI + KK

53 RtIO(ol =5 RtI0(2.51 + X(M1I1)uR25(KK.KiuX(MIi4)/LXX(2)uXXLS))
00 54 KK=1.11K3
M1I2 = M12 + *

54 RtlO(3.S) =RH'O(3.5) + X(flI2)uR35(KK.K)mX(fl14)/(XX(3)mXX(5)I
00 55 KK=1IoMK4
M113 =113 + KK

55 RtIOL4.S1 = I10(4.5) +XM1l3)mR45(NK.K)YX(t1I4)/(XX(4)mXX(51)
51 CONTINUE
91 CONTINUE

00 32 In1.IENO



00 32 J=I.IENa 241

IF(I-J) 34.32.34
34 RHO(}J.I )RH6f !.J)

32 CONTINUE
RETURN
END
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C

SUBROUTINE RHOCT
DIMfEN61ON XX(2b01.RtIO(5.5)
COMMfON NI .12.N3.N4.N5.0Z.OE.IOUT.flL.IEND
COMMfON X(25)

t C.flflON )R41(5.5).R42(5.5).R43L5.51.R14L5.5) .R45(5.53.RSI(5.5)oR2Z

KRITEC IOUT*1l1l)

100 FOEnArT(IHo.r11.5E20o6)
00 920 I~1.IEND
00 920 J=1.1END

920 RtlOLI.J)=DZ
00 1 =1.100O

9 RtiO!I.1)=DE
00 10 I=1.flL

10 XX(I)=DZ
00 11 1=1.141

DO 12 1=1.142
II=Nli1

12 XX(2)=XX(X2)*X(II)ma2
00 13 I=1.143
l1=NI.N2+1

13 XX()=~XXL31.XtIIluu2
001 1=1.N44
11 NI +N2 t N43 + I

15 XX(4) =XX'4) X(113mm2
00 16 1=1.145
11 NI + N2 +1N3 +N4 + I

16 XX(5) =XX~sl + XUJI)RO2
140 14 I=1.IEND
14XX(I)=SQRTClXXII))
CALL ROCL(RHIO.X.XX.R1Z.R13.1U4.R15.R23.R24.R25.R34.R35.R45,RNI .14
I N3 oN4.N5. IENO I
WRITEC IOUT.112)

112 FQRMATI)HQ.T1O~4KTtff INPUT DATA

WRITE( JOUT.1133C (RZ2(l .J) .J=1 .12) .I=..N?)

IFH END - 2) 08,890.988
e888 CONTINUE

WRITE(IOUT.113)L(ft,313UJ)oJ=1.N3)o1=1.NI)
WRITE( IOUT.113)t( (23(1 J) .4:1 N3)o.I~.142)

113 F0RMAT~lIIo.T1O.5E?0-6)
IF( LEND - 3) 91,40.91

91 WRITE(1JUT.113i tCR14(IJ),J=1.N4).J=1.N1)

WRT(OT13 ?IfJ.~,4.~.~
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XF( lENO - 4) 92.90.92
92 IIRITECIOUT.1131 (LR15(IoJ).J=1.N5).I=I.N13

WRITE(ZOUT.113) ((R35(IJ).J=1d45).l=1.N33

90 CONTINUE
WRITEC IOUT.1101

110 FORhAT(IHTLltOot03511T3E CANONICRL-WEIOIITEO CORRELATION I
00 3030 1=1.IEND

3030 KRITE(IOUT1.11 (Rt1OLI.J).J=1.LENO)
III FORflAT(IHO.//ITIO.SE20.61)

CALL PAOJGLRtIO.IENOoIOUTI
CALL flRTIULRlIO.IENO,.D.ETRfl.IO.IOUT3I IIRITECIOUTo115) OETRiI

115 FORI¶ATEIM.IO.21.5iiTkE DETERMIINANT OF RHiO IS .E206)
RETURN
ENO
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SUBROUTINE PlOJS( PRIIO.KLL. lOUr)
DIMlENSIONI PRtiO(5.S).PgOTL5.S).PgtiOWL5,53

00 40 I=1.KLL
00 40 J=1.KLL
FRIiOWI4IJ) = RhO(1.J)

40 PRIIOT(1..J) =PRtIO(I.J)
39 CONTINUE

4R ITE! lOUT. 101)
101 FORIRT(~IMo.T1O.28HflIE INPUT CORRELATION MlATRIX I

00 444 I=1.KLL
WRITE(IOUT,1O83 (PRlIOTI.PJ3.J=l.I¶LL)

108 FORl1RTI1HO.TlO.SqE2O.6)
444 CONTINUE

CALL OEPOV(PRt10W.ILL*oETn)
HRI7E(10'JT.102) DETfl

102 FORflRT(1IH.TIO.27IITtE DETERMINANT OF MIATRIX o E20.6)
CALL flATIS(PRt1OT.ftLL.O.OETHfl.J0.IOUT)
DETEfI = 1./OEIRfl
NlUTC(IOUT.S555i OE7EII

555 FORMAT11H0.T10.33tKrrE IN~VERSE OF THlE OETM~INANT 18 *E20.6)
GO TO L77.1.2.3,4.5.6.7,8.9.99).K

77 CONTINUE
00 55 I=1.IKLL
00 55 J=1.KL.L
FRtIOT(I.J) = ABS(PRHt1OI.J))
IFLI - J)6555

55 CONTINUE

00 57 J=1.1(LL

57 PRtIOWLIJ) =PRIIOT(1.Jl

GO TO 39
1 00 41 I=1.KLL

00 41 U=1.KLL
I'RHON(I.J) = flS(PI*IOLI.J))

41 PRIIOT(I..J) = PS(PRHO(I.J)l

GO TO 39
2 0O 42 I=1.KLL

00 42 .J=lKLL
PRHOW(I.Jil ABS(PRHO(I.Jfl

42 PRIIOTU.,J) = BS(PRt1OCI.J)l
PRTHOTL 1.2) t-PRHOT(i.2)
PRIIOT(2,1) =-PRtIOT(2,11
PRlIOW(1.2) =PRHOT(1.2)
PRlIOW(2.1) =PRtIOT(2,1)
K =K +1I
GO TO 39

3 00 43 I=1.KLL
00 43 J=1.XLL
FRtIOTtI#J) = A86'RH0lO(IJ))

43 PRHOW(I.J) =PRHOT(I.J)
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PRHOTLI.3) =-f'RIOT(1.3)

PRtIOW(1.33) PRtIOTL1.31
P8I1Oi(3.1) PRIIOTL3.1)
K =K +
GO TO 39

4 00 44 J!1.KLL
00 44 J=1.KLL
PRHOTUI.J) RAiS(FHHO(I.J)j

44 PRtIOW(U.J) RdSIFRt1O(I#J))

PRIIOT(I.2) ASPfIOT(3.2))

PFtIOW(4.2) PRHOT(3.2)
1

GO TO 39
S 00 45 1=I.KLL

00 46 J=1.KLL
PRHOTLI.J) = BSCPRIIO(I*J))

45 PIUION(I.J)) = AS(PRH1OU.))
PRIIOT(2.4) -PRHThCr(Z4)

PRI1OWI4.4) zPR1IOTi2.4)
PRHOW(4.1) =PRi10T(4.1)
K = X I
GO TO 39

7 00 47 I=I.KLL
00 47 J=1.KLL
PRHOT(I.J) = BS(PIRHOCJ.J3)

47 PRHOW(I.J) = AS(PRlIO(1.J))
PRHOT(3.4) -PRtIOT(2,41
PRtIOT(4.2) -PRMOT(4,3)
PRHOWC3.4) =PRi10Tt3.41
PRI10W(4.3) PRi1OT(4.3)
K = K + I
GO TO 39

7 00 48 I=1.IKLL
00 48 J=1.XLL
PRHOT(I.J) = 5S(PRHO(I.J))

48 PRH10W(1.J) = BS(PRHO(I@J))
PRHO1T(3.4) =-PRtlOr 31.2
PRHOT(2.3) =-PRHOT(4.3)
PRHOTL2.4) =-PRtIOT(3.4)
PR1IOW(4.2) = -PRtlOTL4.31
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FRHOII(I.2) = RIIOTL1.2)
PR"OMO I ) =. PRDIITL2.I3

DPRHBMC2*4) =PRHO10T2:43

00 49 J1I.KLL

PRIIOT(I.J) =ABS(PRIIO(1.J)l

49 PRIIOT(4.) =-BSPRHCIOI.)l
PAMOTI@Z(.2 I'RHOTC1.2)
PRJIOI(2,1J -PAHOT!Zo1)

PRIIOI(3,4J PRttOTC3.4)
PRHOI4(4.3) PRtIOTL4.3)
X = K+ 1
GO TO 39

99 RETURN
END



APPENDIX E

COMPUTER PROGRAM FOR THE REDUCTION SCALES

FOR E M'ATRIX

"R T E"

247



C THE PROGRAM FOR FINDING NEW WEIGHTS FOR E
C

DIMENSION NRSTLS) .X(20).NTt5.5) .T(5,5.5).XDEX(5.5).IROW(5)
1 . PK(53.PL(5) .WLS.5) .I4TRI(5.51 .14TR215.5)
DATA W.WSTRI .WSTR2.PL.PK/65nO.EO/

REWIND 10D
IOUT 6
INPUT 10
REAO( INPUT.1O1) NWTS.NWT1 .WT2.WT3

101 FOR1rIRT(2IS.2E20.6)
READ(INPUr.102) NSFiTS*(NRSTLL).I=1.5)

102 FORIIRT1612)
READCINPUT.103) (X(I).I=1.NWTS)

103 FORMT1RX4E20.6)
00 10 JfA:1.NS6TS
IA =NRSTIJRI +1I

104- FORtIRTL518)
10 CONTINUE

REJAO(INPUT.1041J NTPL
DO 11 JIJ~.NSETS
REAO(INPUr.105) ND.flK.L(TLJ.1A.JRt).JA=1.ND).IA=1.flK)

105 FORHRTLZIZ.4f19-6I
C105 FORMR~l2Ia,4E2O.6)

IROW(J) = MK
11 CONTINUE

IA =0
DO 12 I=1.NSET6
JA =NRSTL1)
00 12 JB=1.Jg
IA =a IA -I
XDE.X(I*JB) =XURf)

12 CONTINUE
0O 20 ISET>1--.NSCT6
MK = IROW(ISET3
NO = MK + I
DO 21 IX=1.liK
DO 21 .JX=1.NO
iJ(ISET.JX) =W(ISET.JX) XDEX(ISET.IX)mTIISET.1X.JX)

21 CONTINUE
20 CONTINUE

DO 23 IserztNSETS
tIENT = HRST(ISET) 1
DO 24 J=I.MENT

24 PK(ISET) .;Pi(ISET) *FLOAT(NTLISET.J)).W(ISET.J)/FLOATLNTFIL)
DO Z6 Jz1.MENT

28 WSTRI(ISET.J) =W(ISET.J) - PK(ISET)
23 CONTINUE

00 25 I5ET=1.t'JET6
IIENT =NRSr(ISET) * I
00 26 J=l.IIENT

26 PL(ISET) =PL(ISET) * rLOAT(NT(ISET.J1))nINSTRILISET.J)EWSTR1(ISET.J



24J9
I )/FLOST(NTflL)

25 FLIISET] SORT(PLLISET)1
DO 29 ISET=1.NSETS
IIENT = NRST(ISET) +1
DO 30 ~J=1.I1ENT

30 N'STR2(ISET.J) = WSTRI(ISET.J)IPL(ISET)
29 CONTINUE

WRITE( IOUT.151)
151 FORMART(1lH1II///T3S.5SHTiIE PROGRAMl FOR FINDING THE C(ITE&ORIC(4L 6CAL

HRT(IU.S')NETRNSTL I SET(Ni):45/

r TIO.34I1NUMBFER. OF ROOS IN f?,t) SET (N42) =.IS//
t- T!O.34t*IUtIEER OF ROWS IN (3.31 SE.T (N3) =:45/1

I- T1O.34IINUtIOER OF ROWS IN (4.44) SET (N44) =.15//
t TIO.34tiNUMi5ER OF ROWS IN (5.51 SET' (NS) =@15//
WRJTE( TOUT .153)

153 FORM1AT( flH//TIO.4-4fTHiE REJ1lirS FROMI FLE.TCIIER-ND POWELL PROGRAIKi
DO 171 I:1.NIW1S

154- fORMA(T(1110.T2O.ZHttX13.4tL-J =,E20.61
171 CONTINUE

00 173 JAfl:.NSET-S
1(4. =. NRST(JPJ) +--I

17?, FORM-ftr~llHO.T1O.Z6H.THE.JIRRGINflL TOTAL FOR SEX .13//lTlO.Sr8))
173 CONTINUE

WRITE(tOUr.1581 NTAL.
155 FORMRT(IHO.T1O.17HTlIE GRA~ND TOTA4L =.I8)

WRITEC IOUT.160)
160 FORflRT11HO.TIO.26HTIIE T CONDITIONA4L INVERSES)

MlK = IROWlJI
NO = HK +- I
1481TE(IOUT,180) J

180 FORMAT(1t10.TiO. OtiFOR SET .13)
DO 181 I=1.11K

181 WRITE(IOUI.1102) [T(J.I.JA).JA=1.ND)
182 FORllflllHOriO.SE2O.6)
175 CONTINUE

WRITE( IOUTdOS)1
185 FORtIRT(1I-1/////TlO,4OIITJE. CATEGORICAL WEIGHTS FOR~ THE E MTIRRIX

DO 1?ý ISCT=1.NSETS
WRITE(IOUT,161) ISET

161 FORIIRT(111//TIO.31hHflE CATEGORICAL WEIoHr6 FOR SET .131
IlENT =NfRSTIISET) +I
WRITE(JOUT.109) (WGTR2(ISEl.J),J:1.MENT)

189 FORMrT(11O.TlO.5E2O.6)
186 CONTINUE

CALL EXIT
END


